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Trong ch¬ng nµy chóng t«i tr×nh bµy c¸c kÕt qu¶ vÒ sù tån t¹i nghiÖm

cña bµi to¸n biªn Dirichlet sau ®©y

−∆u = λu+ δv + f(u, v) trong Ω,

−∆v = θu+ γv + g(u, v) trong Ω,

u = v = 0 trªn ∂Ω,

(2.1)

trong ®ã Ω ⊂ R
N (N ≥ 3) lµ miÒn bÞ chÆn víi biªn tr¬n,

A =



λ δ

θ γ





lµ ma trËn c¸c sè thùc, f, g : R × R → R lµ c¸c hµm Lipschitz theo u, v;

nghÜa lµ

|f(u, v) − f(ũ, ṽ)| ≤ k1(|u− ũ| + |v − ṽ|),
|g(u, v) − g(ũ, ṽ)| ≤ k2(|u− ũ| + |v − ṽ|),

®óng víi mäi u, ũ, v, ṽ ∈ R.



2.2. Ph¬ng ph¸p Lyapunov-Schmidt 15

§©y lµ kÕt qu¶ ®· ®îc t¸c gi¶ c«ng bè trong bµi b¸o: An application of

the Lyapunov-Schmidt method to semilinear elliptic problems, Electron.

J. Diff. Eqns., 129 (2005), 1-11.

2.1 Mét sè ký hiÖu

§Ó ®¬n gi¶n vÒ mÆt ký hiÖu chóng ta sÏ sö dông | · |2 ®Ó ký hiÖu chuÈn
trong kh«ng gian L2(Ω) hoÆc chuÈn trong kh«ng gian L

2(Ω).

NghiÖm cña bµi to¸n (2.1)

Chóng ta nãi r»ng U ∈ H
1
0(Ω) lµ nghiÖm cña (2.1) nÕu

U = (−∆)−1(AU +G(U)), (2.2)

ë ®©y G(U) = (f(u, v), g(u, v)). Râ rµng to¸n tö (−∆)−1 : L
2(Ω) → H

1
0(Ω)

lµ tuyÕn tÝnh, tù liªn hîp, liªn tôc vµ lµ song ¸nh. H¬n n÷a, phÐp nhóng

H
1
0(Ω) ↪→ L

2(Ω) lµ comp¾c, do ®ã to¸n tö (−∆)−1 : L
2(Ω) → L

2(Ω) còng

comp¾c, tù liªn hîp vµ ®¬n ¸nh. VËy to¸n tö x¸c ®Þnh tõ vÕ ph¶i cña (2.2)

còng comp¾c.

2.2 Ph¬ng ph¸p Lyapunov-Schmidt

Ký hiÖu X lµ kh«ng gian con mét chiÒu cña H1
0 (Ω) sinh bëi hµm ϕ1, tøc

lµ X = {tϕ1 : t ∈ R}. Ký hiÖu Y = X⊥ = 〈ϕ1〉⊥. Khi ®ã ta cã thÓ viÕt

H1
0 (Ω) = X ⊕ Y.

Vµ do ®ã víi mäi U = (u, v) ∈ H
1
0(Ω) ta cã biÓu diÔn

u = u0 + z, u0 ∈ X, z ∈ Y,

v = v0 + w, v0 ∈ X,w ∈ Y,

ë ®©y u, v ∈ H1
0 (Ω). Ký hiÖu P vµ Q lÇn lît lµ c¸c phÐp chiÕu lªn X and

Y . Khi ®ã chiÕu 2 vÕ cña (2.2) ta nhËn ®îc
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u0 = P (−∆)−1[λ(u0 + z) + δ(v0 + w) + f(u0 + z, v0 + w)],

v0 = P (−∆)−1[θ(u0 + z) + γ(v0 +w) + g(u0 + z, v0 + w)],
(2.3)

vµ

z = Q(−∆)−1[λ(u0 + z) + δ(v0 + w) + f(u0 + z, v0 +w)],

w = Q(−∆)−1[θ(u0 + z) + γ(v0 + w) + g(u0 + z, v0 + w)].
(2.4)

Víi mçi (u0, v0) ∈ X ×X cè ®Þnh, ta gi¶i bµi to¸n (2.4) vµ gi¶ sö nghiÖm

nhËn ®îc lµ (z0, w0) ∈ Y × Y . Thay nghiÖm võa t×m ®îc vµo bµi to¸n

(2.3) ®Ó gi¶i vµ gi¶ sö nghiÖm t×m ®îc cña bµi to¸n (2.3) lµ (u0, v0). Khi

®ã nghiÖm cña bµi to¸n (2.1) sÏ lµ (u0 + z0, v0 +w0).

2.3 Mét trêng hîp riªng cña bµi to¸n (2.1)

Trong môc nµy, chóng ta sÏ mét trêng hîp ®Æc biÖt cña bµi to¸n (2.1), cô

thÓ chóng ta xÐt khi γ = λ = λ1, k1 = k2 = k vµ δ = θ > 0, nghÜa lµ

−∆u = λ1u+ δv + f(u, v) in Ω,

−∆v = δu + λ1v + g(u, v) in Ω,

u = v = 0 on ∂Ω,

(2.5)

ë ®©y λ1 lµ gi¸ trÞ riªng ®Çu tiªn cña to¸n tö −∆. B»ng c¸ch ¸p dông
ph¬ng ph¸p Lyapunov-Schmidt ta ®a vÒ viÖc xÐt hai bµi to¸n phô sau

®©y

u0 = P (−∆)−1[λ1(u0 + z) + δ(v0 +w) + f(u0 + z, v0 + w)],

v0 = P (−∆)−1[δ(u0 + z) + λ1(v0 +w) + g(u0 + z, v0 + w)],
(2.6)

vµ

z = Q(−∆)−1[λ1(u0 + z) + δ(v0 +w) + f(u0 + z, v0 + w)],

w = Q(−∆)−1[δ(u0 + z) + λ1(v0 + w) + g(u0 + z, v0 + w)].
(2.7)

Cè ®Þnh (u0, v0) ∈ X ×X , xÐt bµi to¸n (2.7). §Æt

FQ(z, w) = (F
(1)
Q (z, w), F

(2)
Q (z, w)),
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ë ®©y

F
(1)
Q (z, w) := Q(−∆)−1[λ1(u0 + z) + δ(v0 +w) + f(u, v)],

F
(2)
Q (z, w) := Q(−∆)−1[δ(u0 + z) + λ1(v0 + w) + g(u, v)].

Bæ ®Ò 2.1.NÕu

(λ1 + k)2 + (δ + k)2 <
λ2

2

2
(2.8)

th× FQ lµ mét ¸nh x¹ co trong Y × Y .

Chøng minh. Gi¶ sö z, z̃, w, w̃ ∈ Y , tõ ®Þnh nghÜa cña F (1)
Q (z, w) ta suy ra

F
(1)
Q (z, w) − F

(1)
Q (z̃, w̃) =Q(−∆)−1

(
λ1(z − z̃) + δ(w − w̃)

+ f(u0 + z, v0 + w) − f(u0 + z̃, v0 + w̃)
)
.

Do λ1 lµ gi¸ trÞ riªng ®Çu tiªn cña −∆ nªn

|F (1)
Q (z, w) − F

(1)
Q (z̃, w̃)|2 ≤

1

λ2

(
λ1|z − z̃|2 + δ|w − w̃|2

+ |f(u0 + z, v0 + w) − f(u0 + z̃, v0 + w̃)|2
)
.

Gi¶ thiÕt f Lipschitz ta nhËn ®îc

|f(u0 + z, v0 + w) − f(u0 + z̃, v0 + w̃)| ≤ k(|z − z̃| + |w − w̃|)

nªn

|f(u0 + z, v0 +w) − f(u0 + z̃, v0 + w̃)|2 ≤ k2(|z − z̃| + |w − w̃|)2.

Ta suy ra
∫

Ω

|f(u0 + z, v0 + w) − f(u0 + z̃, v0 + w̃)|2 dx

≤ k2

∫

Ω

(|z − z̃| + |w − w̃|)2 dx .

Tøc lµ

|f(u0 + z, v0 + w) − f(u0 + z̃, v0 + w̃)|22 ≤ k2
∣∣|z − z̃| + |w − w̃|

∣∣2
2
.

V×



2.3. Mét trêng hîp riªng cña bµi to¸n (2.1) 18

∣∣|z − z̃| + |w − w̃|
∣∣
2
≤ |z − z̃|2 + |w − w̃|2

nªn

|f(u0 + z, v0 +w) − f(u0 + z̃, v0 + w̃)|2 ≤ k(|z − z̃|2 + |w − w̃|2).

V× vËy

|F (1)
Q (z, w) − F

(1)
Q (z̃, w̃)|2 ≤

1

λ2
((λ1 + k)|z − z̃|2 + (δ + k)|w − w̃|2).

Vµ do ®ã

|F (1)
Q (z, w) − F

(1)
Q (z̃, w̃)|22 ≤

2

λ2
2

((λ1 + k)2|z − z̃|22 + (δ + k)2|w − w̃|22).

Mét c¸ch t¬ng tù ta chøng minh ®îc

|F (2)
Q (z, w) − F

(2)
Q (z̃, w̃)|22 ≤

2

λ2
2

(
(δ + k)2|z − z̃|22 + (λ1 + k)2|w − w̃|22

)
.

KÕt hîp l¹i ta ®i ®Õn

|FQ(z, w) − FQ(z̃, w̃)|22 ≤
2

λ2
2

(
(λ1 + k)2 + (δ + k)2

)(
|z − z̃|22 + |w − w̃|22

)
.

Bæ ®Ò ®îc chøng minh. �

Sö dông nguyªn lý ¸nh x¹ co ta suy ra víi mçi (u0, v0) ∈ X×X cè ®Þnh

th× bµi to¸n (2.7) cã nghiÖm duy nhÊt (z0(u0, v0), w0(u0, v0)). Kh¼ng ®Þnh

nµy cho phÐp chóng ta ®Þnh nghÜa ¸nh x¹

F : X ×X → Y × Y,

(u0, v0) 7→ F (u0, v0) := (z0, w0),

ë ®©y (z0, w0) lµ ®iÓm bÊt ®éng cña FQ.

Bæ ®Ò 2.2.NÕu

(λ1 + k)2 + (δ + k)2 <
λ2

2

4
(2.9)

th×

|F (u0, v0) − F (ũ0, ṽ0)|22

≤ 8k2

λ2
2 − 4((λ1 + k)2 + (δ + k)2)

(|u0 − v0|22 + |ũ0 − ṽ0|22).
(2.10)

víi mäi (u0, v0) vµ (ũ0, ṽ0) thuéc X ×X .
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Chøng minh. Gi¶ sö r»ng F (u0, v0) = (z0, w0) vµ F (ũ0, ṽ0) = (z̃0, w̃0). Tõ

®Þnh nghÜa cña F ta ®i ®Õn

z0 = Q(−∆)−1[λ1(u0 + z0) + δ(v0 +w0) + f(u0 + z0, v0 + w0)],

w0 = Q(−∆)−1[δ(u0 + z0) + λ1(v0 +w0) + g(u0 + z0, v0 +w0)],

vµ

z̃0 = Q(−∆)−1[λ1(ũ0 + z̃0) + δ(ṽ0 + w̃0) + f(ũ0 + z̃0, ṽ0 + w̃0)],

w̃0 = Q(−∆)−1[δ(ũ0 + z̃0) + λ1(ṽ0 + w̃0) + g(ũ0 + z̃0, ṽ0 + w̃0)].

Bëi v×

Q(−∆)−1(u0) = Q(−∆)−1(v0) = 0,

Q(−∆)−1(ũ0) = Q(−∆)−1(ṽ0) = 0,

nªn

|z0 − z̃0|2 ≤
1

λ2

(
λ1|z0 − z̃0|2 + δ|w0 − w̃0|2

+ |f(u0 + z0, v0 + w0) − f(ũ0 + z̃0, ṽ0 + w̃0)|2
)

≤ 1

λ2

(
(λ1 + k)|z0 − z̃0|2 + (δ + k)|w0 − w̃0|2

+ k(|u0 − ũ0|2 + |v0 − ṽ0|2)
)
.

Do ®ã

|z0 − z̃0|22 ≤
4

λ2
2

(
(λ1 + k)2|z0 − z̃0|22 + (δ + k)2|w0 − w̃0|22

+ k2
(
|u0 − ũ0|22 + |v0 − ṽ0|22

))
.

T¬ng tù nh vËy

|w0 − w̃0|22 ≤
4

λ2
2

(
(δ + k)2|z0 − z̃0|22 + (λ1 + k)2|w0 − w̃0|22

+ k2
(
|u0 − ũ0|22 + |v0 − ṽ0|22

))
.

NghÜa lµ

|z0 − z̃0|22 + |w0 − w̃0|22 ≤
4

λ2
2

(
((δ + k)2 + (λ1 + k)2)(|z0 − z̃0|22 + |w0 − w̃0|22)
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+ 2k2(|u0 − ũ0|22 + |v0 − ṽ0|22)
)
.

Suy ra

|z0 − z̃0|22 + |w0 − w̃0|22

≤ 8k2

λ2
2 − 4((λ1 + k)2 + (δ + k)2)

(|u0 − v0|22 + |ũ0 − ṽ0|22).

�

B©y giê ta xÐt bµi to¸n (2.6). §Çu tiªn do F lµ mét ¸nh x¹ co nªn

u0 = P (−∆)−1[λ1(u0 + z0) + δ(v0 + w0) + f(u0 + z0, v0 + w0)],

v0 = P (−∆)−1[δ(u0 + z0) + λ1(v0 + w0) + g(u0 + z0, v0 + w0)].
(2.11)

Ngoµi ra tõ ®Þnh nghÜa cña P ta ®i ®Õn

P (−∆)−1(z0) = P (−∆)−1(w0) = 0,

P (−∆)−1(λ1u0) = u0, P (−∆)−1(λ1v0) = v0,

vµ do vËy
0 = P (−∆)−1[δv0 + f(u0 + z0, v0 +w0)],

0 = P (−∆)−1[δu0 + g(u0 + z0, v0 +w0)].
(2.12)

MÆt kh¸c tõ ®Þnh nghÜa cña kh«ng gian con X

P (−∆)−1(δu0) =
δ

λ1
u0 , P (−∆)−1(δv0) =

δ

λ1
v0.

§iÒu nµy dÉn ®Õn

0 =
δ

λ1
v0 + P (−∆)−1[f(u0 + z0, v0 + w0)],

0 =
δ

λ1
u0 + P (−∆)−1[g(u0 + z0, v0 + w0)].

(2.13)

TÝnh to¸n ta thÊy (2.13) t¬ng ®¬ng víi

u0 = −λ1

δ
P (−∆)−1[g(u0 + z0, v0 +w0)],

v0 = −λ1

δ
P (−∆)−1[f(u0 + z0, v0 +w0)].

(2.14)
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§Æt

FP (u0, v0) = (F
(1)
P (u0, v0), F

(2)
P (u0, v0)),

ë ®©y

F
(1)
P (u0, v0) := −λ1

δ
P (−∆)−1[g(u0 + z0, v0 + w0)],

F
(2)
P (u0, v0) := −λ1

δ
P (−∆)−1[f(u0 + z0, v0 + w0)].

Bæ ®Ò 2.3.NÕu (λ1 + k)2 + (δ + k)2 < λ2
2/4 vµ

8k2

δ2

(
1 +

8k2

λ2
2 − 4((δ + k)2 + (λ1 + k)2)

)
< 1 (2.15)

th× FP lµ ¸nh x¹ co trong X ×X .

Chøng minh. XÐt (ũ0, ṽ0) in X×X . Theo Bæ ®Ò 2.1 sÏ tån t¹i (z̃0, w̃0) trong

Y × Y . Tõ ®Þnh nghÜa cña F (1)
P (u0, v0) chóng ta ®i ®Õn

F
(1)
P (u0, v0) − F

(1)
P (ũ0, ṽ0)

= −λ1

δ
P (−∆)−1[g(u0 + z0, v0 + w0) − g(ũ0 + z̃0, ṽ0 + w̃0)].

Sö dông gi¶ thiÕt Lipschitz chóng ta nhËn ®îc

|F (1)
P (u0, v0) − F

(1)
P (ũ0, ṽ0)|2

≤ λ1

δ

1

λ1
|g(u0 + z0, v0 + w0) − g(ũ0 + z̃0, ṽ0 + w̃0)|2

≤ k

δ
(|u0 − ũ0|2 + |v0 − ṽ0|2 + |z0 − z̃0|2 + |w0 − w̃0|2).

Theo (2.10) th×

|F (1)
P (u0, v0) − F

(1)
P (ũ0, ṽ0)|22

≤ 4k2

δ2

(
|u0 − ũ0|22 + |v0 − ṽ0|22 + |z0 − z̃0|22 + |w0 − w̃0|22

)

≤ 4k2

δ2

(
|u0 − ũ0|22 + |v0 − ṽ0|22

)

+
4k2

δ2

8k2

λ2
2 − 4((λ1 + k)2 + (δ + k)2)

(|u0 − ũ0|22 + |v0 − ṽ0|22)

≤ 4k2

δ2

(
1 +

8k2

λ2
2 − 4((λ1 + k)2 + (δ + k)2)

)
(|u0 − ũ0|22 + |v0 − ṽ0|22).
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Mét c¸ch t¬ng tù

|F (2)
P (u0, v0) − F

(2)
P (ũ0, ṽ0)|22

≤ 4k2

δ2

(
1 +

8k2

λ2
2 − 4((λ1 + k)2 + (δ + k)2)

)
(|u0 − ũ0|22 + |v0 − ṽ0|22).

VËy

|FP (u0, v0) − FP (ũ0, ṽ0)|22

≤ 8k2

δ2

(
1 +

8k2

λ2
2 − 4((λ1 + k)2 + (δ + k)2)

)
(|u0 − ũ0|22 + |v0 − ṽ0|22).

Kh¼ng ®Þnh ®îc chøng minh. �

§Þnh lý 2.10.NÕu (λ1 + k)2 + (δ + k)2 < λ2
2/4, vµ

8k2

δ2

(
1 +

8k2

λ2
2 − 4((δ + k)2 + (λ1 + k)2)

)
< 1,

th× bµi to¸n (2.5) cã nghiÖm duy nhÊt.

Chøng minh. Chøng minh cña ®Þnh lý ®îc suy ra tõ c¸c bæ ®Ò trªn. �

2.4 KÕt qu¶ chÝnh

Trong môc nµy chóng ta xÐt trêng hîp khi ma trËn A − λ1I kh«ng suy

biÕn. §Ó tiÖn trong viÖc ký hiÖu, ®Æt

l := (|λ| + k1)
2 + (|δ| + k1)

2 + (|θ| + k2)
2 + (|γ| + k2)

2.

KÕt qu¶ chÝnh trong ch¬ng nµy lµ

§Þnh lý 2.11.Gi¶ sö λ1 kh«ng ph¶i lµ gi¸ trÞ riªng cña ma trËn A. Ngoµi

ra ta gi¶ thiÕt thªm l < λ2
2/2 vµ

4(k2
1 + k2

2)
(
(λ1 − λ)2 + (λ1 − γ)2 + θ2 + δ2

)

((λ1 − λ)(λ1 − γ) − θδ)2

(
1 +

4(k2
1 + k2

2)

λ2
2 − 2l

)
< 1.

Khi ®ã bµi to¸n (2.1) cã nghiÖm duy nhÊt (u, v) trong L
2(Ω).

§Ó chøng minh §Þnh lý 2.11 ta cÇn c¸c bæ ®Ò bæ trî sau ®©y.
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Bæ ®Ò 2.4. Víi mçi (u0, v0) ∈ X ×X cè ®Þnh nÕu l < λ2
2 th× bµi to¸n (2.4)

cã nghiÖm duy nhÊt (z0, w0) ∈ Y × Y .

Chøng minh bæ ®Ò nµy t¬ng tù nh chøng minh cña bæ ®Ò 2.1. KÕt

qu¶ cña bæ ®Ò trªn cho phÐp ta x©y dùng ¸nh x¹

T : X ×X → Y × Y,

(u0, v0) 7→ T (u0, v0) := (z0, w0),

ë ®©y (z0, w0) lµ nghiÖm duy nhÊt cña bµi to¸n (2.4).

Bæ ®Ò 2.5.NÕu l < λ2
2/2 th×

|T (u0, v0) − T (ũ0, ṽ0)|22 ≤
4(k2

1 + k2
2)

λ2
2 − 2l

(
|u0 − v0|22 + |ũ0 − ṽ0|22

)
. (2.16)

Chøng minh bæ ®Ò nµy t¬ng tù nh chøng minh cña Bæ ®Ò 2.2.

Bæ ®Ò 2.6.NÕu l < λ2
2/2 vµ

4(k2
1 + k2

2)((λ1 − λ)2 + (λ1 − γ)2 + θ2 + δ2)

((λ1 − λ)(λ1 − γ) − θδ)2

(
1 +

4(k2
1 + k2

2)

λ2
2 − 2l

)
< 1 (2.17)

th× bµi to¸n (2.3) cã nghiÖm duy nhÊt trong X ×X .

Chøng minh. Tõ Bæ ®Ò 2.4 ta suy ra

u0 = P (−∆)−1[λ(u0 + z0) + δ(v0 + w0) + f(u0 + z0, v0 + w0)],

v0 = P (−∆)−1[θ(u0 + z0) + γ(v0 +w0) + g(u0 + z0, v0 + w0)].
(2.18)

MÆt kh¸c do P lµ phÐp chiÕu nªn

u0 = P (−∆)−1[λu0 + δv0 + f(u0 + z0, v0 + w0)],

v0 = P (−∆)−1[θu0 + γv0 + g(u0 + z0, v0 + w0)],
(2.19)

tøc lµ

u0 =
λ

λ1
u0 +

δ

λ1
v0 + P (−∆)−1[f(u0 + z0, v0 + w0)],

v0 =
θ

λ1
u0 +

γ

λ1
v0 + P (−∆)−1[g(u0 + z0, v0 + w0)].

(2.20)

Gi¶ hÖ ph¬ng tr×nh (2.20) ta nhËn ®îc
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u0 =
λ1(λ1 − γ)P (−∆)−1[f ] + λ1δP (−∆)−1[g]

(λ1 − λ)(λ1 − γ) − θδ
=: F

(1)
P (u0, v0),

v0 =
λ1(λ1 − λ)P (−∆)−1[g] + λ1θP (−∆)−1[f ]

(λ1 − λ)(λ1 − γ) − θδ
=: F

(2)
P (u0, v0).

Vµ do ®ã

F
(1)
P (u0, v0) − F

(1)
P (ũ0, ṽ0)

=
λ1(λ1 − γ)

(λ1 − λ)(λ1 − γ) − θδ
P (−∆)−1[f(u0 + z0, v0 +w0) − f(ũ0 + z̃0, ṽ0 + w̃0)]

+
λ1δ

(λ1 − λ)(λ1 − γ) − θδ
P (−∆)−1[g(u0 + z0, v0 + w0) − g(ũ0 + z̃0, ṽ0 + w̃0)].

Nªn

|F (1)
P (u0, v0) − F

(1)
P (ũ0, ṽ0)|2

≤ |λ1 − γ|
|(λ1 − λ)(λ1 − γ) − θδ| |f(u0 + z0, v0 +w0) − f(ũ0 + z̃0, ṽ0 + w̃0)|2

+
|δ|

|(λ1 − λ)(λ1 − γ) − θδ||g(u0 + z0, v0 +w0) − g(ũ0 + z̃0, ṽ0 + w̃0)|2.

Mét c¸ch t¬ng tù

|F (2)
P (u0, v0) − F

(2)
P (ũ0, ṽ0)|

≤ |λ1 − λ|
|(λ1 − λ)(λ1 − γ) − θδ| |f(u0 + z0, v0 +w0) − f(ũ0 + z̃0, ṽ0 + w̃0)|2

+
|θ|

|(λ1 − λ)(λ1 − γ) − θδ||g(u0 + z0, v0 +w0) − g(ũ0 + z̃0, ṽ0 + w̃0)|2.

§iÒu nµy dÉn ®Õn

|FP (u0, v0)−FP (ũ0, ṽ0)|22

≤(λ1 − γ)2 + (λ1 − λ)2 + δ2 + θ2

((λ1 − λ)(λ1 − γ) − θδ)2
(
|f(u0 + z0, v0 + w0) − f(ũ0 + z̃0, ṽ0 + w̃0)|22
+ |g(u0 + z0, v0 + w0) − g(ũ0 + z̃0, ṽ0 + w̃0)|22

)
,

ë ®©y

FP (u0, v0) = (F
(1)
P (u0, v0), F

(2)
P (u0, v0)).
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Sö dông tÝnh Lipschitz chóng ta nhËn ®îc

|FP (u0, v0) − FP (ũ0, ṽ0)|22

≤ 4(k2
1 + k2

2)
(λ1 − γ)2 + (λ1 − λ)2 + δ2 + θ2

((λ1 − λ)(λ1 − γ) − θδ)2

(
1 +

4(k2
1 + k2

2)

λ2
2 − 2l

)

× (|u0 − ũ0|22 + |v0 − ṽ0|22).

Kh¼ng ®Þnh ®îc chøng minh. �

Chøng minh (§Þnh lý 2.11). Chøng minh cña §Þnh lý 2.11 hoµn toµn t¬ng

tù nh chøng minh cña §Þnh lý 2.10 vµ do ®ã ta kh«ng tr×nh bµy l¹i. �

2.5 Mét sè vÝ dô

2.5.1 Trêng hîp mét chiÒu

XÐt bµi to¸n (2.5) trong trêng hîp mét chiÒu, ë ®©y Ω = (0, 1).

−∆u = π2u + π2v + f(u, v) trong Ω,

−∆v = π2u + π2v + g(u, v) trong Ω,

u = v = 0 trªn ∂Ω,

(2.21)

trong ®ã f vµ g lµ c¸c hµm Lipschitz víi h»ng sè Lipschitz k = π2

4 . Ta biÕt

r»ng trong miÒn Ω = (0, 1) to¸n tö −∆ nhËn

λn = n2π2 , n ≥ 1

lµm c¸c gi¸ trÞ riªng, t¬ng øng víi nã lµ c¸c vÐc t¬ riªng

ϕn(x) = sin (nπx) , n ≥ 1.

Nh vËy

λ1 = π2 , λ2 = 4π2.

Ta kiÓm tra c¸c ®iÒu kiÖn cña §Þnh lý 2.10. ThËt vËy ta thÊy

(λ1 + k)2 + (δ + k)2 =

(
π2 +

π2

4

)2

+

(
π2 +

π2

4

)2

=
50

16
π4 ≤ 4π4 =

λ2
2

4
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vµ

8k2

δ2

(
1+

8k2

λ2
2 − 4

(
(λ1 + k)2 + (δ + k)2

)
)

=
8
(

π2

4

)2

(π2)2


1 +

8
(

π2

4

)2

16π4 − 50
4 π

4


 =

1
2
π4

π4

(
1 +

1
2
π4

14
4 π

4

)

=
1

2

(
1 +

4

28

)
< 1.

VËy theo §Þnh lý 2.10 bµi to¸n (2.21) cã nghiÖm duy nhÊt.

2.5.2 Trêng hîp nhiÒu chiÒu

XÐt bµi to¸n (2.5) trong trêng hîp hai chiÒu, ë ®©y Ω = (0, 1) × (0, 1).

−∆u = π2u + π2v + f(u, v) trong Ω,

−∆v = π2u + π2v + g(u, v) trong Ω,

u = v = 0 trªn ∂Ω,

(2.22)

trong ®ã f vµ g lµ c¸c hµm Lipschitz víi h»ng sè Lipschitz k = π2

4
. Ta biÕt

r»ng trong miÒn Ω = (0, 1) × (0, 1) to¸n tö −∆ nhËn

λm,n = π2
(
m2 + n2

)
, ∀m,n ≥ 1

lµm c¸c gi¸ trÞ riªng, t¬ng øng víi nã lµ c¸c vÐc t¬ riªng

ϕm,n (x) = 2 sin (mπx) sin (nπx) , ∀m,n ≥ 1.

Nh vËy

λ1 = 2π2 , λ2 = 5π2.

Ta kiÓm tra c¸c ®iÒu kiÖn cña §Þnh lý 2.10. ThËt vËy ta thÊy

(λ1 + k)2 + (δ + k)2 =

(
2π2 +

π2

4

)2

+

(
π2 +

π2

4

)2

=
61

16
π4 ≤ 25

4
π4 =

λ2
2

4

vµ
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8k2

δ2

(
1+

8k2

λ2
2 − 4

(
(λ1 + k)2 + (δ + k)2

)
)

=
8
(

π2

4

)2

(π2)2


1 +

8
(

π2

4

)2

25π4 − 61
4
π4


 =

1
2π

4

π4

(
1 +

1
2π

4

39
4
π4

)

=
1

2

(
1 +

2

39

)
< 1.

VËy theo §Þnh lý 2.10 bµi to¸n (2.21) cã nghiÖm duy nhÊt.




