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In this paper, we establish the existence of non-trivial weak solutions in Wol’p(ﬂ), 1<
p < 00, to a class of non-uniformly elliptic equations of the form

—div(a(z, Vu)) = Af(u) + ug(w)
in a bounded domain © of RV, Here a satisfies
la(z, )| < co(ho(x) + h1(x)[€[P~)

for all € € RN, ae. 2 € Q, ho € L7-1(), hy € L}
in Q.

(Q), ho(z) =0, h1(z) 2 1 for a.e. x

loc
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1. Introduction

Let Q be a bounded domain in R™. Various particular forms of the Dirichlet problem
involving elliptic operators in divergence form

—div(a(z, Vu)) = Mf(u) (Pr)

have been studied in the recent years. Here, a : @ x RV — RN and f: R — R fulfill
certain structural conditions.
Recently, [11] studied problem (P») when the potential a satisfies

ja(@, &)l S c(1+[gF71), Ve, €£eRY
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for some constant ¢ > 0. In [7], the authors extended the result in [11] to the non-
uniform case in the sense that the functional associated with the problem may be
infinity for some u by assuming the potential a satisfies

ja(z, )] £ e(ho(x) + Ma(@)|EP~T), Yr e, geRY,
where hy € L (), ho € L5-1(Q), ho(z) = 0, hy(z) = 1 for a.e. z in Q.

loc
In both papers [11, 7], the nonlinear term f verifies the Ambrosetti-Rabinowitz

type condition: defining F'(t) = fotf(s)ds, there exists tg > 0 and 6 > p such that
0<OF(t)Stf(t), VteR, |t =to. (1.1)
From that, one can deduce that
FOIZ Y VR, 2 k.

This means that f is (p — 1)-superlinear at infinity. It is worth mentioning that the
inequality (1.1) which generalizes to p-Laplacian condition (ps) in [1], appears for
the first time in [5] (see also in [6]).

Very recently in [9], the authors studied problem (P)) when the nonlinear term
f is continuous and (p — 1)-sublinear at infinity, i.e.

f1) im0 Lt,)l =0 ((p — 1)-sublinear at infinity).
[t|]—-+oo Te[p

They also assume that

(f2) There exists so € R such that [;° f()dt > 0.

With some more restrictive conditions, the authors obtained the existence of three
weak solutions of problem (P,) via an abstract critical point result due to Bonanno
and Ricceri (see [2,14,15] for details).

Next, we consider a perturbation of the problem (P,) of the form

—div(a(z, Vu)) = Af(u) + pg(u) (Pau)

where g : R — R is continuous. We introduce the following hypothesis regarding
function g.

(g) limyy—4o0 |‘tg‘£,t_)|1 =1 < +oo (asymptotically (p — 1)-linear at infinity).

Motivated by the above mentioned papers, in the present paper, by relaxing
some conditions on f stated in [9] (we only assume (f1), (f2) and (g) hold in our
problems), we shall obtain the existence of weak solutions of problem (P,) and
(Px,u) in two directions: one is from (p — 1)-superlinear at infinity to (p — 1)-
sublinear at infinity together with the presence of the perturbation g and the other
is into the non-uniform case. Actually, we shall prove that the corresponding energy
functional is coercive and satisfies the usual Palais—Smale condition.

In order to state our main theorem, let us introduce our hypotheses on the
structure of problem (Py). Assume that N = 1 and p > 1. Let © be a bounded
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domain in R having C2? boundary 9€2. Consider a : RV xRN — R¥ q = a(x,£), as

the continuous derivative with respect to ¢ of the continuous function A : RV x

RY - R, A = A(z,£), that is, a(x, &) = %ﬁ’é). Assume that there are a positive

real number ¢y and two nonnegative measurable functions hg, hy on € such that
hy € LL (Q), hg € L7-1(Q), hy(x) > 1 for a.e. x in €.

loc

Suppose that a and A satisfy the hypotheses below:
(A1) la(z, )| < co(ho(x) + hy(z)[€[P71) for all € € RV, ae. z € Q.
(Ag) There exists a constant k1 > 0 such that

A 550 £ 54609 + A0 - @) - vl

for all x, &, v, that is, A is p-uniformly convex.
(As) A is p-subhomogeneous, that is,

0= a(z,§)¢ < pA(, §)

for all £ € RN, a.e. x € Q.
(A4) There exists a constant ko > 0 such that

A(x,§) 2 kohy(x)|€[P

for all £ € RN, a.e. x € Q.
(A5) A(x,0) =0 for all x € Q.

We refer the reader to [7,10,11,16] for various examples. Let W1P(Q) be the usual
Sobolev space. Next, we define X := W, () as the closure of C§°(Q2) under the

norm ||ull = ([, [Vul? dz)». We now consider the following subspace of WyP(Q)
E= {u e W, P() : / hi(2)|VulP do < —|—oo} . (1.2)
Q
The space E can be endowed with the norm

el = ( / h1<a:>|w|pdx)%. (13)

As in [7, Lemma 2.7], it is known that F is an infinite dimensional Banach space.
We say that u € E is a weak solution for problem (Py) if

/ a(x, Vu)Vodr — /\/ flweode =0
Q Q

for all ¢ € E. Let

Au) = /Q Alz, Vi) de, F(t) = /0 F(s)ds, G(t) = /0 g(s)ds,

Ta(w) = A /Q F(u)da + p /Q G (u)dz,
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and
Ixp(u) = Au) = Jx u(u)
for all u € E. The following remark plays an important role in our arguments.

Remark 1.1. (i) |Jul| £ |lu||g for all u € E since hi(z) = 1.
(ii) By (A;), A verifies the growth condition

[ Az, §)] = co(ho()[€] + ha(2)[E7)

for all £ € RN, a.e. z € Q.
(iii) By (ii) above and (Ay4), it is easy to see that

E={uecW,?(Q): Au) < +oo} = {ue WyP(Q) : I .(u) < +00}.
(iv) C§°(2) C E since |Vu| is in C.(Q) for any u € C§°(2) and hy € L (Q).
Now we describe our main result.

Theorem 1.2. Assume conditions (A1)—(As) and (f1) are fulfilled. Then problem
(Py) has at least a weak solution u in E for every \. If we assume further that (f2)
and £(0) # 0 hold true, then u is nontrivial provided X is large enough.

Theorem 1.3. Assume conditions (A1)—(As), (f1) and (g) are fulfilled. Then for
each X € R, there exists L > 0 such that problem (P ) has at least a weak solution
w in E for every p € (0,1). If we assume further that (f2) and g(0) # 0 hold true,
then u is non-trivial provided X is large enough.

2. Auxiliary Results

Usually, if a functional is of class C*(E,R), then it possesses a global minimum
value provided it is coercive and satisfies the Palais—Smale condition. Due to the
presence of hg and hy, the functional A may not belong to C*(E,R). This means
that we cannot apply directly the Minimum Principle, see [3, Theorem 3.1]. In this
situation, we need some modifications.

Definition 2.1. Let F be a map from a Banach space Y to R. We say that F is
weakly continuous differentiable on Y if and only if following two conditions are
satisfied

(i) For any u € Y there exists a linear map DF(u) from Y to R such that

lim F(u+tv) — F(u)
t—0 t

= DF(u)(v)

for every v € Y.
(ii) For any v € Y, the map w +— DF(u)(v) is continuous on Y.

Remark 2.2. If we suppose further that v — DZF(u)(v) is a continuous linear
mapping on Y, then F is Gateaux differentiable.



Exzistence Results for a Class of Non-Uniformly Elliptic Equations 189

Definition 2.3. We call u a generalized critical point (critical point, for short) of
F if DF(u) = 0. ¢ is called a generalized critical value (critical value, for short) of
F if F(u) = ¢ for some critical point u of F.

Denote by CL (Y) the set of weakly continuously differentiable functionals on Y.
It is clear that C*(Y) C CL(Y) where we denote by C*(Y') the set of all continuously
Fréchet differentiable functionals on Y. Now let F € CL (Y). We put

IDF (u)|| = sup{|DF (u)(h)|h € Y, [[h]| = 1}
for any u € Y, where | DF (u)|| may be +oo.

Definition 2.4. We say that F satisfies the Palais—Smale condition at level ¢ € R
(denoted by (PS).) if any sequence {u,} C X for which

F(up) —c¢ and DF(u,)—0 in X"

possesses a convergent subsequence. If this is true at every level ¢ then we simply
say that F satisfies the Palais—Smale condition (denoted by (PS)).

Motivated by [3, Theorem 3.1], [12, Theorem 2.3|, and [13, Theorem 2], we shall
obtain a similar version for weakly continuously differentiable functional which is
our main ingredient in this paper.

Theorem 2.5. Let F € C}(X) where X is a Banach space. Assume that

(i) F is bounded from below, ¢ = inf F,
(ii) F satisfies (PS). condition.

Then ¢ is a critical value of F (i.e. there exists a critical point ug € X such that
F(ug) = c).

Proof. Let us assume, by negation, that ¢ is not a critical value of F. By (PS). we

deduce that there exists a constant € > 0 such that [c — e, ¢+ £] contains no critical

value of F. Also by (PS). we deduce that there exists a constant 6 > 0 such that

|DF(u)|| 2 ¢ for all u such that F(u) € [c — 2, ¢+ 2¢] (see [4, Lemma 2.2]).
Next, we define

X1 ={ueX:c—2 < Fu) <c+ 2},
Xo={ueX :Flu)Sc—2orc+2 < F(u)}, (2.1)
Xs:={ueX:c—e< Flu) S c+e}.

We firstly see that X7 is a open set, X5 and X3 are closed sets with X3 C Xy,
XoNnX3=0and X;UXy=X.
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We now prove that there exists a vector field W on X which is locally Lipschitz
continuous on X, ||W(u)| £ 1 for all v € X and [|[W(u)|| = 0 for each u € X5.
Furthermore, W also satisfies the following inequalities

DF(u)(W(u)) 20, ifucX, DFu)(Wu)) = g if u € X3. (2.2)

Indeed, for each u € X, we can find a vector w(u) € X such that [|[w(u)| =1
and DF (u)(w(u)) 2 2||DF(u)||. If u € X1, then we have DF (u)(w(u)) > 2. Hence,
there exists an open neighborhood N, of u in X; such that DF(v)(w(u)) > § for
all v € Ny, since v — DF(v)(w(u)) is continuous on X.

Because {N, : u € X1} is an open covering of X7, it possesses a locally finite
refinement which will be denoted by { Ny, }jc. For each j € J, let p;(u) denote the
distance from v € X to the complement of N,,;. Then p;(-) is Lipschitz continuous
on X and pj(u) = 0 if u & N, . Set

ﬂj(x) = pj(x) Vo € X;.

Y pela)

keJ

Since each u belongs to only finitely many sets N, , then ), _; pr(u) is only a
finite sum. Set

Wo(u) = Bj(x)w(u;), Vue X.

jed
Then Wy is locally Lipschitz continuous on X7 and Wy(u) > % for all v € X;. Put
diSt(’U,, XQ)
alu) = = - )
dist(u, X2) + dist(z, X3)
Then a(u) : X — [0, 1] is Lipschitz continuous on X and

0, on Xo,
a(u) =
1, on X3.

Vu € X.

Set

W () a(u)Wy(u), for all u e Xy,
u) =
0, otherwise.

It is clear that W (u) is the vector field on X that we need.

Consider the flow n(t) = n(t,u) defined by % = —W(n) with n(0,u) = u. It
can be proved that the solution 7(t,u) € C(R x X, X)) (see [8] for detailed proof).
Next, we explore the properties of the pseudo-gradient flow 7(¢, ). By definition,

d
o7 () = DF () (=W (n(t))) = —DF n(t))(W(n(t)))- (2.3)
Therefore, by (2.2) and (2.3), £F(n(t)) < 0 and the strict inequality holds if

F(u) € (¢—2¢,c+2¢). Thus, F(n(t)) is non-increasing in ¢, and strictly decreasing
if F(u) € (¢ — 2e,¢+ 2¢). Fixing u, we now claim that if F(u) € [c —e,¢ + ¢] and
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F(n(t)) € [c —e,c+ €] for all t > 0, then there exists a unique ty > 0 such that
Fn(to)) s c—e.

Indeed, assume that F(n(t)) € [c —¢,c+¢] for all t > 0. Then for all ¢t > 0, we
have

0 t
2 2 F(1(0) ~ Fu(t) = = [ DF@)Wnlo)isz [ Gas=F. )

Therefore ¢ < 45—5. We see that the last inequality cannot hold for large ¢. Hence, for
each u such that F(u) € [c — €, ¢ + €] there exists to > 0 such that F(n(to,u)) <
¢ — €. This is a contradiction since ¢ = inf F. Thus ¢ is a critical value of the
functional F. |

The following lemma concerns the smoothness of the functional A.

Lemma 2.6 (see [7, Lemma 2.4]). (i) If {u,} is a sequence weakly converging
to u in X, denoted by u, — u, then A(u) < liminf, . A(uy,).
(ii) For allu,ze€ E

1 1
A(“ - Z) < SA@) + 5AG) — kullu = 23,

(iii) A is continuous on E.
(iv) A is weakly continuously differentiable on E and

DA(u)(v):/Qa(%Vu)Vvdx

for all u,v € E.
(v) A(u) — A(v) 2 DA(v)(u — ) for all u,v € E.

The following lemma concerns the smoothness of the functional Jy ,,. The proof
is standard and simple, so we omit it.

Lemma 2.7. (i) If u,, = u in X, then lim, .o Jy u(un) = Iy u(w).
(i) Jx,p is continuous on E.
(iii) Jx,. is weakly continuously differentiable on E and

DIy () (0) = A /Q Fwvde +p /Q gy da
for all u,v € E.

Remark 2.8. The continuity of f and g together with conditions (f;) and (g)
imply that Jy , is of class C'.

We are now in a position to prove our main results.
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3. Proof of Theorem 1.2

Throughout this section, we always assume that the assumptions (A;)—(As) and
(f1) are fulfilled. We remark that the critical points of the functional I ¢ correspond
to the weak solutions of (Py).

Lemma 3.1. For every A\ € R, the functional Iy o is coercive on K.

Proof. First, let S be the best Sobolev constant of the embedding W, () <

L?(Q), that is,
(/ [VulP da:)
S = inf

ueWy P ()\{0} v
(frac)

Slvfrr = o]l

Thus, we obtain

for all v € E. Let us fix A € R, arbitrarily. By (f;), there exists 6 = §(\) such that

)| < pkoSP tP=L it =6
|f()] = pko 1+|)\||| It| =

Integrating the above inequality, we have

[F(t)] < koS” [t]” +‘m|g>§|f(8)|lt|, vt € R.

1+ Al
Thus, for every u € E we obtain

Dyo(u) 2 A(u) =[x 0(u)l

A 1
2 kollully — koS? ol — NI ulo ma | 7(6)
> kollully — kool — SO Jull max 5)
- L+ (Al BES
> ollulll — ko) ||u||”—m|sz|p||u||Emax|f< )
- L+ (Al ls|<

ko p 1Al
= Q P
ol = 1907 e mas £ (9),

where p’ = -7 Since p > 1, then I o(u) — 400 whenever [ulg — +oo. Hence,

I,0 is coercive on F. O

Lemma 3.2. For every A € R, the functional Iy satisfies the Palais—Smale con-
dition on E.
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Proof. Let {u,} be a sequence in E and 3 be a real number such that

[Ino(un)| £ 06 foralln (3.1)
and

DIy o(un) — 0 in E*. (3.2)

Since the functional I, is coercive on E, then {w,} is bounded in E. By
Remark 1.1(i), we deduce that {u,} is bounded in X. Since X is reflexive, then by
passing to a subsequence, still denoted by {u,}, we can assume that the sequence
{un} converges weakly to some u in X. We shall prove that the sequence {u,}
converges strongly to w in E.

We observe by Remark 1.1(iii) that v € E. Hence {||u, —ul/g} is bounded.
Since {||DIx0(un)| g} converges to 0, then DIy o(uy)(u, — u) converges to 0.

We note that (f;) implies the existence of a constant ¢ > 0 such that

If@®)] < (1 +|tP7Y), VteR.

Therefore,

0< / |F )t — 2

§c/ |un—u|dx+c/ [ [P g, — u| dz
Q Q

i _
< (19 + |un|ipl)|un —ulL».

Since u,, — u strongly in LP(Q), we get

n—oo

lim [ |f(un)|ltn — u|dz = 0.
Q
Thus
lim D.Jy o(un)(un —u) = 0.

n—oo

This and the fact that
DA(upn)(un, — u) = DI o(un)(tn — u) + DJxo(un)(Un — u)
give

lim DA(up)(u, —u) = 0.

n—oo

By using (v) in Lemma 2.6, we get

Au) — 1_>rr01O Auyp) = lim (A(u) — A(uy)) 2 lim DA(uy,)(u —uy,) = 0.

n n—o0 n—oo

This and (i) in Lemma 2.6 give
lim A(uy,) = A(u).

n—oo
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Now if we assume by contradiction that ||u, — ulz does not converge to 0, then
there exists € > 0 and a subsequence {uy,,, } of {u,} such that ||u,,, —u||z = e. By
using relation (ii) in Lemma 2.6, we get

1 1 Up,, + U
SA() + 5A(un,) — A<T> > by |[tm,, — |t = kieP.

Letting m — oo, we find that

m—0o0

lim sup A(%ﬂ) < Au) — kieP.

We also have that “""2‘+“ converges weakly to u in E. Using (i) in Lemma 2.6 again,

we get
A(u) £ lim inf A <M> .
m— 00 2
That is a contradiction. Therefore {u,} converges strongly to u in E. O

Proof of Theorem 1.2. The coerciveness and the Palais—Smale condition are
enough to prove that Iy ¢ attains its proper infimum in Banach space E (see Theo-
rem 2.5), so that (Py) has at least a solution v in E. We show that u is not trivial
for X large enough. Indeed, let sp be a real number as in (f3) and let Q; C Q be
an open subset with [€21] > 0. Then, we deduce that there exists u; € C§°(Q) C E
such that u1(x) = so on Q1 and 0 < uy(x) < 5o in Q\Q;. We have

Ino(up) = /QA(%Vul)dx - )\/QF(ul)dx

< /A(x7Vu1)dx—)\/ F(uy)da
Q 931

— € — \u|F(s0),

where C'is a positive constant. Thus for A large enough, we get I o(u1) < 0. Hence,
the solution w is not trivial. The proof is complete. O

4. Proof of Theorem 1.3

Throughout this section, we always assume that the assumptions (A1)—(As), (f1)
and (g) are fulfilled. The proof of Theorem 1.3 is almost similar to the proof of
Theorem 1.2. Let us fix A € R, arbitrarily.

Lemma 4.1. For each A € R, there exists a constant I > 0, dependent of A\, such
that for every p € (0, %), the functional Iy, is coercive on E.

Proof. Since g is asymptotically (p — 1)-linear at infinity, then after integrating
there exists a constant m > 0 such that

lg(t)] £ mpSP|t|P~t +m, VteR.
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This inequality yields that
|G(t)] £ mSP|t|P +mlt|, VteR.
Thus, for every u € E we obtain
Ixp(u) 2 A(u) = |Jx u(u)]

LY
1+ A

A 1

2 tolully — ho 2l = 100 ] 0
1] o

~ulmfful? — m 101 )

LY
1+ A

A a1
Jully ~ 100 o )

= kolluly — &

1]y 2
= lplmljully — m = | |ull

_(_ko v _ Plon 1o
= (s~ b )l = g0 el e 791 = m ] e

where p' = S5 Let 1 = m and fix p € (0,7m). Since p > 1, then I ,(u) —

+00 whenever |lul|g — +o00. Hence, I, , is coercive on E. O

Lemma 4.2. Let A and T be chosen as in the previous lemma. Then, the functional
I, satisfies the Palais—Smale condition on E for every p € (0,7).
Proof. Let {u,} be a sequence in E and 3 be a real number such that

[Inu(un)| £ 6 foralln (4.1)
and

DI, ,(up) — 0 in E*. (4.2)

Similar to the proof of Lemma 3.2, {u,} is bounded in E and then is bounded in

X. Therefore, there exists v € X such that v, — u in X and w,, — u in LP(Q).

We observe by Remark 1.1(iii) that v € E. Hence {||u, — u||g} is bounded. Since

{I|DIx0(un —u)|| g+ } converges to 0, then DIy o(un — u)(un — u) converges to 0.
We note that (g) implies the existence of a constant ¢ > 0 such that

lg() < c(L+[t771), VEteR.

Therefore,

0§/|g(un)||un—u|dx§c/|un—u|dx+c/|un|p*1|un—u|dx
Q Q Q

1 _
< (1917 + [lully™) un — ullp.

Since u, — u strongly in LP(Q), we get

lim [ |g(un)|uy —u|dz = 0.

n—oo Q
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Thus
lim DJy . (un)(un —u) = 0.

This and the fact that
DA(uy)(un —u) = DI u(un)(un — w) + Dy (un) (un — )
give
nlirr;o DA(uy)(un —u) = 0.
Similar to the last part of the proof of Lemma 3.2, the last equality yields u,, — u
in E. This completes our proof. |

Proof of Theorem 1.3. The coerciveness and the Palais—Smale condition are
enough to prove that I , attains its proper infimum in Banach space E (see Theo-
rem 2.5), so that (P, ) has at least a solution v in E. We show that u is not trivial
for \ large enough. Indeed, let sy be a real number as in (f3) and let Q7 C Q be
an open subset with [€24] > 0. Then, we deduce that there exists u; € C§°(Q2) C E
such that u;(z) = sp on Q; and 0 < uy(z) < 50 in Q\Q;. We have

Inp(uy) = /Q Az, Vi )da — A /Q Flun)dz — i /Q Gl )dz

/Aa:Vuldx—/\ F(uy)de — p /Gu1

(951

:/QA(x,Vul)dac—u/ﬂG(ul)dx—)\/Q1 F(uq)dx
= C = A |F(s0),

where C'is a positive constant (it is important to notice that the constant C' actually
depends on the parameter p). Thus, for A large enough, we get I\ ,(u1) < 0. Hence,
the solution w is not trivial. The proof is complete. O
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