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Abstract This paper deals with the existence of weak solutions in WOl (2) to a class of
elliptic problems of the form

—div(a(x, Vi) = A ulP2u+g ) —h
in a bounded domain Q of R". Here «a satisfies
la (x, &) < co (ho (x) + hy (x) [E]77)

forall€ eRY,ae. x € Q, hy € LP%'(Q), hye Ll (Q),hi(x)=>1forae. xin Q; A, is the

loc

first eigenvalue for — A, on Q2 with zero Dirichlet boundary condition and g, & satisfy some
suitable conditions.

Keywords p-Laplacian - Nonuniform - Landesman-Laser - Elliptic - Divergence form -
Landesman-Laser type
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1 Introduction

Let  be a bounded domain in R". In the present paper we study the existence of weak
solutions of the following Dirichlet problem

—div(a (x, Vu)) = A [ulP2u+ g (u) — h )
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where |a(x, £)| < co(ho(x) + hi(x)|E]7~") for any £ in R and a.e. x € Q, ho(x) 2 0 and
hi(x) =1 for any x in €. A; is the first eigenvalue for —A, on Q with zero Dirichlet
boundary condition, that is,
/ lu|? dx = 1}.
Q

A = inf {/Wulpdx
uewy P @ lJe

Recall that A, is simple and positive. Moreover, there exists a unique positive eigenfunction
¢ whose norm in WO1 "P(Q) equals to one. Regarding the functions g, we assume that g is a
continuous function. We also assume that 7 € L? (Q2) where we denote p’ by ﬁ

In the present paper, we study the case in which kg and 4, belong to L () and L }OC(Q),
respectively. The problem now may be non-uniform in sense that the functional associated to
the problem may be infinity for some u in Wol”’ (£2). Hence, weak solutions of the problem
must be found in some suitable subspace of WO1 (). To our knowledge, such equations
were firstly studied by [4, 9, 10]. Our paper was motivated by the result in [2] and the gener-
alized form of the Landesman—Lazer conditions considerred in [7, 8]. While the semilinear
problem is studied in [7, 8] and the quasilinear problem is studied in [2], it turns out that a
different technique allows us to use these conditions also for problem (1) and to generalize
the result of [1]. In order to state our main theorem, let us introduce our hypotheses on the
structure of problem (1).

Assume that N > 1 and p > 1. Q be a bounded domain in R" having C? boundary 9.
Consider a : RY x RV — RV, a = a(x, &), as the continuous derivative with respect to & of
the continuous function A : RY x RV — R, A = A(x, £), thatis, a(x, £) = %. Assume
that there are a positive real number ¢, and two nonnegative measurable functions %, 7, on
Q such that k; € L}UC(Q), ho € Lp/(SZ), hi(x) = 1forae. x in Q.

Suppose that a and A satisfy the hypotheses below

(A) la(x, &) S colho(x) + hi(x)|E]P~ ) forall £ e RV, ae. x € Q.
(A;) There exists a constant k; > O such that

1 1
A<x, #) = FA@E) + SAG.Y) — kb (1€ — vl?

for all x, &, i, that is, A is p-uniformly convex.
(A3) A is p-subhomogeneous, that is,

0=a(x,§)s = pA(x, &)

forall £ e RV, ae. x € Q.

(A4) There exists a constant ky = % such that
A(x, &) 2 kohi(x)[§]”

forall € e RY, ae. x € Q.
(As) A(x,0)=0forall x € Q.
We refer the reader to [4-6, 9, 10] for various examples. We suppose also that
(Hy)

8
im =
ltl>o00 |t|P—1

Let us define

@ Springer



Some Remarks on a Class of Nonuniformly Elliptic Equations 231

L[g(s)ds —g (1), t#0,

F(t)= 2
D=-1g0, (=0, @
and set
F (—o0) =limsup F (¢), F (+00) =limsup F (1), A3)
t——00 t—>+00
F (—o0) = I}mjcr)lofF(t), F (400) zlliLnJriglch ). 4)

We suppose also that
(Hz)

F(+oo)/¢1 (x)dx<<p—1>fh(x>¢1 (x)dx<F<—oo)/¢1 () dx.
Q Q Q

By mean of (H,), we see that —oco < F(—o00) and F(400) < +oo. It is known that un-
der (H;) and (H;), when A(x, &) = %|E|” , our problem (1) has a weak solution, see [2,
Theorem 1.1]. In that paper, property pA(x, &) =a(x, &) - £, which may not hold under our
assumptions by (Ay), play an important role in the arguments. This leads us to study the case
when pA(x, &) = a(x,§) - £. Our paper is also motivated by some results obtained in [2].
We shall extend some results in [2] in two directions: one is from p-Laplacian operators
to general elliptic operators in divergence form and the other is to the case on non-uniform
problem.

Let W7 () be the usual Sobolev space. Next, we define X := Wol""(Q) as the closure

of C§°(€2) under the norm
1
P
lull = </ |Vu|”dx> .
Q

‘We now consider the following subspace of Wol Q)

E={ueWOI"’(Q):/hI(x)quI"dx<+oo}. 5)
Q

The space E can be endowed with the norm

lully = (/ y (x)|w|!’dx)". ©)
Q

As in [4, Lemma 2.7], it is known that E is an infinite dimensional Banach space. We say
that u € E is a weak solution for problem (1) if

/a(x,Vu)V¢dx—A1/ |u|P—2u¢dx—fg(u)¢dx+fh¢dx=o
Q Q Q Q

forallp € E. Let

A(u):/A(x,Vu)dx, G(t):/ g (s)ds,
Q 0

Al
J(u):—/Iulf’dx—}—/G(u)dx—/hudx,
P Ja Q Q
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and
ITw)y=Aw)—J )

for all u € E. The following remark plays an important role in our arguments.

Remark 1

(1) Nlull £ |lu|lg for all u € E since hy(x) = 1.
(i) By (A}), A verifies the growth condition

|A (x, 6)] = co (ho (X) €] + hy (x) €17

forall £ e RY,ae. x € Q.
(iii) By (ii) above and (Ay), it is easy to see that

E={ueW” (@: A <+oo] ={ueW)” (@:1w <+oo}.

(iv) Cg°(R2) C E since |Vu|isin C. (2) for any u € Cg° (2) and h; € L}m, (2).
(v) By (A4) and Poincaré inequality, we see that

1 A
/A(x,W)dxg—/|Vu|l’dxg—‘/|u|ﬂdx,
Q P Ja P Ja

forall u € Wy "” ().
Now we describe our main result.

Theorem 1 Assume conditions (A1)—(As) and (H,)—(H,) are fulfilled. Then problem (1)
has at least a weak solution in E.

2 Auxiliary Results

Due to the presence of &, the functional A may not belong to C'(E,R). This means that
we cannot apply the Minimum Principle directly, see [3, Theorem 3.1]. In this situation, we
need some modifications.

Definition 1 Let F be a map from a Banach space Y to R. We say that F is weakly contin-
uous differentiable on Y if and only if following two conditions are satisfied

(1) For any u €Y there exists a linear map DF (u) from Y to R such that

}lmow = (DF ), v)

foreveryveY.
(ii) For any v € Y, the map u +— (DF(u), v) is continuous on Y.
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Denote by C.(Y) the set of weakly continuously differentiable functionals on Y. It is
clear that C'(Y) C C;)(Y) where we denote by C'(Y) the set of all continuously Fréchet
differentiable functionals on Y. Now let 7 € C ;,(Y ), we put

IDF )|l = sup{[(DF (u), h) : |h €Y, ||h]| = 1}

for any u € Y, where || DF(u)|| may be +o0.

Definition 2 We say that F satisfies the Palais-Smale condition if any sequence {u,} C Y for
which F(u,) is bounded and lim,,_, o, || DF (u,)|| = O possesses a convergent subsequence.

The following theorem is our main ingredient.

Theorem 2 (The Minimum Principle) Let F € C L'U(Y) where Y is a Banach space. Assume
that

(i) F is bounded from below, ¢ = inf F,
(ii) F satisfies Palais-Smale condition.

Then c is a critical value of F (i.e., there exists a critical point uy € Y such that F(up) = c).

Let Y be areal Banach space, F € C (Y) and c is a arbitrary real number. Before proving
Theorem 2, we need the following notations.

Fi={ueY|Fu) <c},
K.={ueY|Fu)=c,DF (u)=0}.

In order to prove Theorem 2, we need a modified Deformation Lemma which is proved
in [10]. Here we recall it for completeness.

Lemma 1 (See [10], Theorem 2.2) Let Y be a real Banach space, and F € C ,1/, (Y). Suppose
that F satisfies Palais-Smale condition. Let ¢ € R, € > 0 be given and let O be any neigh-
borhood of K.. Then there exists a number € € (0,€) and n € C((0,400],Y x Y) such

that

(i) nO,u)=uinY.
(i) n(t,u)=uforallt 20andu € Y\F~'([c — €, c +&]).
(iii) n(¢, -) is a homeomorphism of Y onto Y for eacht 2 0.
(iv) Int,u) —u|| <t forallt Z20anducy.
(v) ForallueY, F(n(t,u)) is non-increasing with respect to t.
(vi) n(1, Fete\O) C Fee.
(vii) If K. =@ then n(1, Fete) C Fee.
(viii) If Fisevenon Y then n(t,-) isoddinY.

Proof of Theorem 2 Let us assume, by negation, that ¢ is not a critical value of F. Then,
Lemma 1 implies the existence of ¢ > 0 and n € C([0, +00), Y x Y) satisfying n(1, F<*¢) C
JF¢~¢. This is a contradiction since F°~¢ = @ due to the fact that ¢ = inf F. O

For simplicity of notation, we shall denote DF (1) by F'(u). The following lemma con-
cerns the smoothness of the functional A.
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234 Q.-A. Ngo, H.Q. Toan

Lemma 2 (See [4], Lemma 2.4)

(1) If {u,} is a sequence weakly converging to u in X, denoted by u, — u, then A(u) <
liminf,_ o A(u,).
(1) Forallu,ze E

u+z 1 1
A( 3 )§§A(u)+EA(z)—k1 llu —zl% .

(iii) A is continuous on E.
(iv) A is weakly continuously differentiable on E and

(A'(u),v):/a(x,Vu)Vvdx
Q

forallu,veE.
V) Aw)—A@W) (A (v),u—v) forallu,veE.

The following lemma concerns the smoothness of the functional J. The proof is standard
and simple, so we omit it.

Lemma 3

1) Ifu, — uin X, then lim,_, o J (u,) = J(u).
(ii) J is continuous on E.
(iii) J is weakly continuously differentiable on E and

(J/(u),v>:)q/ Iulp_zuvdx+/g(u)vdx—/hvdx
Q Q Q

forallu,veE.

3 Proofs

We remark that the critical points of the functional I correspond to the weak solutions of (1).
Throughout this paper, we sometimes denote by “const” a positive constant. We are now in
position to prove our main result.

Lemma 4 [ satisfies the Palais-Smale condition on E provided (H,) holds true.

Proof Let {u,} be a sequence in E and B be a real number such that

[I(u,)| < B foralln @)
and

I'(u,) >0 in E*. ®)

We prove that {u,} is bounded in E. We assume by contradiction that |u,||g — oo as
n — oo. Letting v, = T “E for every n. Thus {v,} is bounded in E. By Remark 1(i), we
deduce that {v,} is bounded in X. Since X is reflexive, then by passing to a subsequence,
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Some Remarks on a Class of Nonuniformly Elliptic Equations 235

still denotes by {v, }, we can assume that the sequence {v, } converges weakly to some v in X.
Since the embedding X < L?(2) is compact then {v,} converges strongly to v in L?(2).
Dividing (7) by ||u, ||'; together with Remark 1(v), we deduce that

1 A G (un n
limsup(_/ |an|pdx__lf |Un|pd~x_/ (up)dX+/l’l - pdx> <0.
n—>+o0 \ P JQ P Ja Q ”un”E o llu, ”E

Since, by the hypotheses on p, g, & and {u,},

G n n
lim sup </ (u p)dx—i-/ h “ pdx> =0,
n—>+oo \Jo Il o llunlle

limsupf |vn|pdx=/ [v|? dx,
n—+o00 JQ Q

while

we have

limsup/ |VU,,|”dx§A1/ |v|? dx.
Q Q

n——+o00

Using the weak lower semi-continuity of norm and Poincaré inequality, we get

M/ |v|”dx§/ |Vv|”dx§liminf/ |Vu,|? dx
Q Q n—+o0o Jo

§limsup/ |an|pdx§A1/ |v|? dx.
Q Q

n——+o00

Thus, the inequalities are indeed equalities. Beside, {v,} converges strongly to v in X and
Jo IVv|Pdx = Ay [, [v|Pdx. This implies, by the definition of ¢;, that v = %¢,. Let us as-
sume that v = ¢; > 0 in Q (the other case is treated similarly). By mean of (7), we deduce
that

—Bp < p/ A (x,Vu,)dx — 2 / lu,|? dx — p/ G (u,)dx +p/ hu,dx < Bp.  (9)
Q Q Q Q
In view of (8),
—&y ”un”E é _/ a (.X, V”n) Vundx +)\l/ |u,1|pdx
Q Q
+/ g(un)undx - / hu,dx é En ”un”E . (10)
Q Q
By summing up (9) and (10), we get
—Bp —enllunllg = / (pA (x, Vu,) —a(x,Vu,) Vu,) dx
Q

Q@ Q
éﬂp+8n ||un||E7
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236 Q.-A. Ngo, H.Q. Toan

which gives

_/ (pG (un) - g(un)un)dx + (p - 1)/ hundx g ,BP + & ”un”Ey
Q Q

and after dividing by ||u, || g, we obtain

_f pG (uy) — g (uy) uy,
Q

llnll £

Bp

llnll £

dx+(p—l)/hv,,dx§ +&,.
Q
Taking lim sup to both sides, we then deduce

dx

(p— l)/ heq (x)dx < limsup
Q

n——+o0o

/ pG (”n) - g(un)un
Q

llutnll £

which gives

(p— 1)/ hey (x)dx < limsup/ F (u,) u—"dx =limsup/ F (u,) v,dx.
Q Q Q

n—+00 lw,ll 2 n—+00
For ¢ > 0, let
F(+o0)+¢, if F(4+00) > —00,
=1 R (1n
-, if F (+00) = —o00,
and

F(—o0)—¢, if F(—o0 —00,

R e (12)
o if F(—00) =+o00.

Then there exists M > 0 such that c,t = F(¢)t forallt > M and d,t = F(¢t)t forallt < —M.

Moreover, the continuity of F on R implies that for any K > 0 there exists ¢(K) > 0 such

that | F(1)| £ ¢(K) forall r € [—K, K]. We now set

/F(un)vndx: F(Mn) v,,dx-l—/
Q

up(x)<—K

F (u,) vndx-l—/ F (u,)v,dx.

lun ()| SK up (x)>K

AK,n CKJI Bk,n
Thanks to Lemma 2.1 in [2], we have

lim meas {x € Q|u, (x) SK } =0.

n—oo
We are now ready to estimate Ak ,, Bx , and Ck .

7 ¢ (K) K meas(£2)
A < [ F s
lup (x)|<K ”un” ”“n”

Bk, §c£/ v,dx =c, /vndx—/ v,dx —)CS/ ¢1dx,
un (x)>K Q un(x)SK Q

Ckn < dg/ v,dx — 0.
up(x)<—K

— 0,
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Some Remarks on a Class of Nonuniformly Elliptic Equations 237

Summing up we deduce that

limsup/ F (u,) —2 dx§cE/¢1 (x) dx
Q Q

n——400 len |l £

for any e \, 0 which yields

(p— 1)/ her (x)dx = F(+OO)/ ¢1 (x)dx
Q Q

which contradicts (H).

Hence {u,} is bounded in E. By Remark 1(i), we deduce that {u,,} is bounded in X. Since
X is reflexible, then by passing to a subsequence, still denoted by {u,}, we can assume that
the sequence {u,} converges weakly to some u in X. We shall prove that the sequence {u,}
converges strongly to u in E.

We observe by Remark 1(iii) that u € E. Hence {||u, —ul|g} is bounded. Since
{III'(u, — u)||g+} converges to O, then (I’ (u, — u), u, — u) converges to 0.

By the hypotheses on g and &, we easily deduce that

lim | |uul” " u, (u, —u)dx =0,
n——+o0 Q

lim g (uy) (u, —u)dx =0, lim / h(u, —u)dx =0.
Q n—>+00 fo

n—+0o0o

On the other hand,
<J/(un)y Up — u>> = )"1/ |un|p72un(un - u)dx +/ g(un)(un - u)dx +/ h(un - u)dx
Q Q Q

Thus

lim (J/ (u,) , uy, — u) =0.

n—oQ
This and the fact that

<A/(un)aun —u):(l/(u,,),u,, _u>+(-]/(un)vun _u>

give

lim <A’ (), u, — u) =0.

n—o0

By using (v) in Lemma 2, we get

A (u) —limsup A (u,) =liminf(A (u) — A (u,)) = lim (A" (u,) , u —u,)=0.
n—o00 n—o0o

n—o0
This and (i) in Lemma 2 give
Iim A (u,) = A (u).

Now if we assume by contradiction that ||u#,, — u|| g does not converge to O then there exists
& > 0 and a subsequence {uy,, } of {u,} such that ||u,, —u|lr 2 ¢. By using relation (ii) in
Lemma 2, we get

1 1 Uy, +u
SA@+ 3 ()~ A (T) S R L
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238 Q.-A. Ngo, H.Q. Toan

Letting m — oo we find that

limsup A <W) <A (u) —ke?.

m—0o0

Unpy U

‘We also have s

converges weakly to u in E. Using (i) in Lemma 2 again, we get

A @) < liminf A (Ym0
2

m—o0

That is a contradiction. Therefore {u,} converges strongly to u in E. a
Lemma 5 [ is coercive on E provided (H,) holds true.

Proof We firstly note that, in the proof of the Palais-Smale condition, we have proved that
if I (u,) is a sequence bounded from above with ||u,| g — oo, then (up to a subsequence),
v, = HHZ"”E — *£¢; in X. Using this fact, we will prove that 7 is coercive provided (H;)
holds true.

Indeed, if I is not coercive, it is possible to choose a sequence {u,} C E such that
|unlle = o0, I(u,) < const and v, = ”;:—"”E — +¢; in X. We can assume without loss

of generality that v, — ¢; in X. By Remark 1(v),

—/ G(un)dx—l-/ hu,dx ST (uy). (13)
Q Q

The rest of the proof follows the proof of Lemma 2.3 in [2]. We include it in brief for
completeness. Dividing (13) by ||u, || g and then letting n — +o00 we get

G (u, I (u, . const
lim sup (—/ (u )dx +/ h dx) lim sup (n) < limsup =0,
n—>-+00 o lualle Q IIMnIIE n—too Ul = notoo llunlle

which gives

n . G n
/h¢1dx <hm1nf/ C )dx §llmsup/ C )dx
Q

n—>+o0 Jo |lu,ll g n—+00 lunll g

Again, thanks to Lemma 2.3 in [2], we have

dx,

, / (un)
imsup

n—+oo JQ ”un”E - 1
where c, is as (11). Summing up we deduce that

1 -
[ ot = 70 [ gua
Q p—1 Q

which contradicts (H,). The proof is complete. O

Proof of Theorem 1 The coerciveness and the Palais-Smale condition are enough to prove
that I attains its proper infimum in Banach space E (see Theorem 2), so that (1) has at least
a solution in E. The proof is complete. ]
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