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1. Introduction and preliminaries

The following two mean value theorems for time scales are due to M. Bohner and G. Guseinov.

Theorem A (See [1], Theorem 4.1). Suppose that f is continuous on [a,b] and has a delta derivative at each point of [a,b). If
f(a) = f(b), then there exist points &, 1 € [a,b) such that

A s0sfim).

Theorem B (See [1], Theorem 4.2). Suppose that f is continuous on [a,b] and has a delta derivative at each point of [a,b). If
f(a) = f(b), then there exist points &, n € [a,b) such that

fAE)b—a) = f(b) —f(a) < fAn)(b - a).
Motivated by Theorem A, the main aim of this paper is to present time scale version of mean value results for integrals in
the single variable case. We first introduce some preliminaries on time scales (see [2,3,5] for details).
Definition 1. A time scale T is an arbitrary nonempty closed subset of real numbers.

The calculus of time scales was initiated by Stefan Hilger in his PhD thesis [4] in order to create a theory that can unify
discrete and continuous analysis. Let T be a time scale. T has the topology that it inherits from the real numbers with the
standard topology.

Definition 2. Let ¢(t) and p(t) be the forward and backward jump operators in T, respectively. For t € T, we define the
forward jump operator ¢ : T — T by

ot)y=inf{seT:s>t},
while the backward jump operator p : T — T is defined by
p(t)=sup{seT:s <t}
If o(t) > t, then we say that t is right-scattered, while if p(t) < t then we say that ¢ is left-scattered.
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In this definition we put inf( = sup T (i.e.,, g(t) =t if T has a maximum t) and sup® = inf T (i.e., p(t) = t if T has a min-
imum t), where () denotes the empty set.

Points that are right-scattered and left-scattered at the same time are called isolated. If g(t) =t and t#sup T, then t is
called right-dense, and if p(t) =t and t # inf T, then ¢ is called left-dense. Points that are right-dense and left-dense at the
same time are called dense.

Definition 3. Let t € T, then two mappings i, v: T — [0, +o0) satisfying
Uty = a(t) —t, v(t):=t—p(t)
are called the graininess functions.

We now introduce the set T* which is derived from the time scales T as follows. If T has a left-scattered maximum t, then
T :=T — {t}, otherwise T" :=T.

Definition 4. Let f : T — R be a function on time scales. Then for t ¢ T, we define fA(t) to be the number, if one exists
(finite), such that for all ¢ > 0 there is a neighborhood U of t such that for all s € U

[f(a(6)) = f(s) = fA(E)(a(t) —9)| < éla(t) —s|.
We say that fis A-differentiable on T* provided fA(t) exists for all t € T*.

Assume that f : T — R is a function and let t € T"* (t min T). Then we have the following

(i) If fis A-differentiable at ¢, then f is continuous at t.
(ii) If fis left continuous at t and t is right-scattered, then f is A-differentiable at t with

1) —f(t)

At :f (a( .

FO=""@

(iii) If t is right-dense, then fis A-differentiable at t if and only if

f0 ~f(s)

limg_,
S—t t*S

exists a finite number. In this case

A = limsﬂtw.

t—s
(iv) If fis A-differentiable at t, then

fla(0)) = f(O) + u()f*(©).

Proposition 1 (See [2], Theorem 1.20). Let f,g : T — R be differentiable at t € T*. Then
(f2)"(t) = FA(O)g(t) + f(a()g"(t) = F(O)g" (1) + FA(O)g(a(t)).

Definition 5. A mapping f : T — R is called rd-continuous provided if it satisfies

(1) fis continuous at each right-dense point.
(2) The left-sided limit lim;_., f(s) = f(t—) exists at each left-dense point t of T.

Remark 1. It follows from Theorem 1.74 of Bohner and Peterson [2] that every rd-continuous function has an anti-
derivative.

Definition 6. A function F : T — R is called a A-antiderivative of f : T — R provided f2(t) = f(t) holds for all t € T*. Then the
A-integral of f is defined by

/'b F(t)At = F(b) — F(a).

Proposition 2 (See [2], Theorem 1.77). Let f,g be rd-continuous, a,b,c € T and o, § € R. Then

(1) J7 (af (£) + Bg(D)AL = o0 [} F(DAL + B [ g(D)AL,
(2) [Pft)At = — [If(D)AL,

(3) J f(AL = [Sf(HAL+ [ f(D)AL,

(4) j:f(t)At =0.
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Definition 7. We say that a function p : T — R is regressive provided
1+ u(t)pt)#0, VeeT"
holds.

Definition 8. If a function p is regressive, then we define the exponential function by

tsfexp</ Eum( A‘E) Vs,teT

where &,(z) is the cylinder transformation which is defined by

1log(1 +th), ifh>0
_Jn ; )
(D) = {r, ifh=0,

where Log is the principal logarithm function.

Remark 2. It is obviously to see that e;(t,s) is well-defined and e;(t,s) > 0 for all t,s € T.
We now list here two properties of e,(t,s) which we will use in the rest of this paper.
Theorem C (See [2], Theorem 2.33). If p is regressive, then for each ty € T fixed, ep(t,s) is a solution of the initial value problem
yi=pt)y, y(t)=1
onT.

Theorem D (See [2], Theorem 2.36). If p is regressive, then

(1) ep(t,s) = oo
@) G =

ep(t.s)

-p
ep(a(t).s)

Throughout this paper, we suppose that T is a time scale, a,b € T with a < b and an interval means the intersection of real
interval with the given time scale.

2. Main results

Theorem 1. Let f be a continuous function on [a,b] such that

A?wm:

Then there exist ¢, 1 € [a,b) so that

f@éAUmm,Lﬁwmgmn

Proof of Theorem 1. Let

=eq(a,x) /Xf(t)At, X € [a,b).

Then

hA(x):<e1(a,x)/xf(t)At> = (e1(a,x)) /f )AL+ eq(a,o(x </ f@ )

- (o ) [ soacenaoton( [ e M):¢m%mﬁlfmm+amawvm
= —ei(a,0(x)) / f(O)AL +e1(a, o(x))f (x).

Since h(a) = h(b) then there exists ¢, 1 € [a,b) such that

h (&) <0 < ().
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Hence

—ei(a,0(¢ /f M+ﬁMGUU®§0§—ﬁMﬁWD/%®N+&MJWWW%

which implies that

fo= [ rooax [ fooms s,

The proof is complete. O

Theorem 2. Let f be a continuous function on [a,b] such that

/?wm:

Then there exist &, 1 € [a,b) so that

e1a0 / f®

ei(a,n)
an —aﬁamﬂm

Proof of Theorem 2. Let

:amm/ﬁmm

A a(x)
h™(x) = ex(a,X)f (x) — ex(a, 6(x)) / foat
Since h(a) = h(b) then there exists £, 7 € [a,b) such that
g s0<gm).

and

Then

Hence
a(é) a(n)
e1(a, &)f(¢) —ei(a, U(é))( j fIOAL=0 < ei(a,mf(n) - ei(a,a(n)) j 7 f(DAt,
which implies that
/ o)
ei(a,n)
/ Jar = 61 (a G(W))f(")'

The proof is complete. O

Corollary 1. Let T = R, from Theorems 1 and 2 together with the continuity of f we deduce that the existence of y € [a, b] such that

~ [ fwax
provided

L?®M=

Theorem 3. Let f be a continuous function on [a, b] such that

L?wm:

Then for each T > c < a, there exist &, 1 € [a,b) so that
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foe-os [foa [ "foAt <fan - o).

Proof of Theorem 3. Let

h(x):%/:f(t)m, xela,b), Toc<a.

Therefore

A -1 x 1
W0 = = em=e |, TOM + o=
Since h(a) = h(b) then there exists &, 1 € [a,b) such that
h* (&) <0 < k().

Hence

-1 ¢ 1
W/a fOAt+ Zm— (=0

which implies
f& o LA
g —c= (@@ -0o-0’
Jfoat _ fp)
(@m—-om—c) = alm—-c

A

-1 n 1
(@ —c)n—c) / fOAt+ oy —cf).

Thus

fee-os [foa [ "foAt <fan - o).

The proof is complete. O

Corollary 2. Let T = R, from Theorem 3 together with the continuity of f we deduce the existence of y € [a, b] such that

fe-o= [ Fodx,

for each ¢ < a provided
b
/ f(x)Ax =0.

Theorem 4. Let f,g be a continuous function on [a, b]. Then there exist £, 1 € [a,b) so that

£ ( / bg(t)Ar) <(/[ G(Qf(r)m)g(c),
fon ( / bg(t)At) =( U(")f(tw)g(m.

Proof of Theorem 4

h(x) = —(/axf(t)At) (/bxg(t)At>, x e [a,b).

Then

' = ~feo [ ewac) - [ mf(r)At)g(xy

Since h(a) = h(b) then there exist ¢,# € [a,b) such that
h*() 0 < h* ().

and
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which implies

o= ( [ war) + ([ roa)eo,
o= s [ )+ (| a(mf(t)At>g(n),

or equivalently

ro [ sone) < ([ roac)s
s [ sose) = ([ sonr)a

The proof is complete. O

Corollary 3. Let T = R, from Theorem 4 together with the continuity of f and g we deduce the existence of y € [a, b] such that

o) ( / bg(x)dx) ~ ([ reax)a)

Theorem 5. Let f,g be continuous functions on [a, b]. Then there exist &, 1 € [a,b) so that

([rene) ([ swome) s ([ ome) = ([ o)
([ sae) ([ stone) s ( ["s0n) « ([ sone)son

Proof of Theorem 5. Let

h(x) = —eq(a,x) ('Axf(t)At> (/bxg(t)At)

s o) st et cn( s0) 0
o ) ] )t [ s ([ s

Since h(a) = h(b) then there exists &, 7 € [a,b) such that
h*() 0= h*(n).

and

Hence

@n( [ soae) ([ swar) ~eaoen(re( [ ewar)+ ([ ron)e@) <o
and

([ sone) ([ awne) - ea.con (fon ( [ eoar) + (/ foa)ean) 20
Thus

(/aifumt) (/big(tmt) <f(® (/,,ig(r)AQ ! (/amf 0at)etd
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([ soac)( [ ewac) zron( [ awac)+ (| Uw)f(t)Ar)gm).

The proof is complete. O

and

Corollary 4. Let T = R, from Theorem 4 together with the continuity of f and g we deduce the existence of y € [a, b] such that
([ eoax) ([ gtax) =son( [ stoux) + [ seae)ao.
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