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Abstract
This paper deals with the multiplicity of weak solutions in Wé (£2) to a class of nonuniformly elliptic equations of the form
—div(a(x, Vu)) = h()|ul" " u + g(0)ul*'u

P
in a bounded domain £2 of RY . Here a satisfies |a(x, £)| < co(hg(x) +h1(x)|E[P~1) forall € € RN Jae.x € 2, hg € L7-1 (1),
hy € Llloc(Q),hl(x) > 1forae.xin2,1<r<p—1<s<(Np—N+p)/(N—p).
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Keywords: p-Laplacian; Nonuniform elliptic equations; Multiplicity

1. Introduction

Let 2 be a bounded domain in RY. In the present paper we study the multiplicity of nontrivial solutions of the
following Dirichlet elliptic problem:

—div(a(x, Vu)) = h(x)|ul" u + g(x)|ul* " 'u (1)

where |a(x, &)| < co(ho(x) 4+ h1(x)|]P~1) for any & in RY and a.e. x € £2, ho(x) = 0 and hy(x) = 1 for any
x in £2. For hg and &) belonging to L°°, the problem has been studied. Here we study the case in which kg and

belong to L% (£2) and Llloc(ﬁ) respectively. The equation now may be nonuniformly elliptic. To our knowledge,

such equations were first studied by Duc et al. and Vu [3,6]. In both papers, the authors studied the following problem:
—div(a(x, Vu)) = f(x,u) 2)

where the nonlinear term f verifies the Ambrosetti—-Rabinowitz type condition, see [1]. They then obtained the
existence of a weak solution by using a variation of the Mountain-Pass Theorem introduced in [2]. We also point
out the fact that for the case when h; = 1, our problem (1) was studied in [4]. Our goal is to extend the results of [4]
(for the “nonuniform case”) and of [3,6] (the existence of at least two weak solutions).
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In order to state our main theorem, let us introduce our hypotheses on the structure of problem (1).

Assume that N > 3and 2 < p < N. Let 2 be a bounded domain in RY having C? boundary 9 (2. Consider
a: RV xRN - RN 4 = a(x, &), as the continuous derivative with respect to & of the continuous function
A:RN xRN - R, A = A(x, &), that is, a(x, £) = M. Assume that there are a positive real number ¢ and two

nonnegative measurable functions s, i1 on {2 such that i € LY (D), hy € L%(Q), h1(x) = 1fora.e. x in £2.

Suppose that a and A satisfy the hypotheses below:

(A1) la(x, &) < colho(x) + hi(x)|E]P~ ") forall £ € RV, ae. x € 2.
(A5) There exists a constant k; > 0 such that

loc

1
A( s+21/f>< SACE) + S AW ) — ki (0lE — Y1

for all x, &, ¥, that is, A is p-uniformly convex.
(A3) A is p-subhomogeneous, that is,

0=ax, §)§ = pA(x, §)

forall¢ € R, ae. x € £.
(A4) There exists a constant kg > 0 such that

A(x, &) = kohi(x)|&]P
forall & € RY ae. x € 0.
(As) A(x,0) =0forall x € £2.
(Ag) A(x, —&) = A(x, &) forall £ e RV, ae. x € 2.
Example 1. (i) A(x,&) = %|§|1’, a(x, &) = |E|P~2& with p = 2. We get the p-Laplacian operator.
i) A(x, &) = L1E1P +0(x) (/1 2_1),a(x, &) =|E|P2E4+0 5 ith p = 2and itable function.
(i) A(x, &) = 1517 +00) (V1 +[E[7—1),a(x, &) = |§)P7E+ (x)WWI p Z 2and 6 asuitable function
We get the operator

div(|Vu|P~2Vu) + div <e(x)L>

V14 |Vul?

which can be regarded as the sum of the p-Laplacian operator and a degenerate form of the mean curvature
operator.

LT 2\2 2
(iii) A(x,&) = S((Or"(x) +[§[7)2 = 0777 (x)), alx,§) = (7

function. Now we get the operator

p;z
div (( Ll(x)+|Vu| ) u)

which is a variant of the generalized mean curvature operator

L
—T

x) + €))7 g with p = 2 and 6 a suitable

div ((1 n |Vu|2)"T’2w) .

Regarding the functions % and g, we assume that
(H) h(x) 2 0forallx € 2and h € L"({2) N L°°({2), where

1+ 1
ro p*
N,
thatis ro = 5o~ hw—- (H]”)(AF
(G) g(x) >0ae.x € Pand g € L(f2) N L*°({2), where
1 s+D |
50 p*
that is s = Np

Np—(s+1)(N—p)~
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Let W17 (£2) be the usual Sobolev space. Next, we define X := WO1 P (£2) as the closure of C5°(£2) under the norm

| = (/Q |W|de> " 3)

We now consider the following subspace of W(;’p 2):

E = {u € W(}”’(Q) : f h1(x)|Vu|Pdx < +oo}.
(9]

The space E can be endowed with the norm

lullg = (/ hl(x>|wv’dx>" .
(7

Asin [3], itis known that E is an infinite dimensional Banach space. We say that u € E is a weak solution for problem
(1) if

/.a(x,Vu)V(pdx—/ h(x)|u|r71ug0dx—/ g |ul* lupdx =0
0} N N

forallp € E.
Let

1
- h r+1dx - s+1d ’
r+1 /0 () ul + S Qg(x)lul x

A(M)Z/ A (x, Vu) dx,
n

J(w) =

and
I(u) = A(w) — J(u)
forallu € E.
The following remark plays an important role in our arguments.

Remark 2. (i) |lu| £ |lul g forall u € E since h1(x) 2 1. Thus the continuous embeddings

E— X< L), p<i<p
hold true.

(i) By (A4) and (i) in Lemma 5, it is easy to see that

E={ueWy (2): Aw) < 00} = {u € WP (2) : I (u) < +00}.

(iii) C3°(£2) C E since |Vulisin C.(§2) for any u € C3°({2) and h € Ll ().

loc

Our main results are included in a couple of theorems below.

Theorem 3. Assume 1l <r <p—1<s < (Np— N+ p)/(N — p) and conditions (A1)— (As), (H), and (G) are

fulfilled. Then problem (1) has at least two nontrivial weak solutions in E provided that the product
s+1-p p—r—1

150 7o () 1811 L3 ( ) i5 small enough.
Theorem 4. Assume 1 <r < p—1<s < (Np— N + p)/(N — p) and conditions (A1)- (Ag), (H), and (G) are
fulfilled. Then problem (1) has infinitely many nontrivial generalized solutions in E.

To see the power of the theorems, we compare our assumptions to those considered in [5,3,4,6]. Our problem (1)
covers the following cases which have been considered in the literature:
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() A, 8§) = 1§]7 with p 2 2.
(i) ACx, &) = L((1+1E7% — 1) with p 2 2.
Moreover, our assumption includes the following situations which could not be handled in [5,4].
(i) Ax, &) = %mp with p = 2and h € L! ().
>

= loc
i) AGx, &) =221+ 1€2)7 — 1) with p = 2 and h € L7-1(0).

2. Auxiliary results

In this section we recall certain properties of functionals A and J. But firstly, we list here some properties of A.

Lemma 5 (See [3]).
(i) A verifies the growth condition

|A(x, &) = cotho(x)IE] + hi(x)]E]7)

foralle e RN, a.e. x € 12.
(i) A(x,z8) < A(x,&)zP forallz > 1, x, & € RV,

Due to the presence of /1, the functional A does not belong to C'(E, R). This means that we cannot apply directly
the Mountain-Pass Lemma of Ambrosetti and Rabinowitz. In this situation, we recall the following concept of weakly
continuous differentiability. Our approach is based on a weak version of the Mountain-Pass Lemma introduced by
Duc [2].

Definition 6. Let 7 be a map from a Banach space Y to R. We say that F is weakly continuous differentiable on Y if
and only if the following two conditions are satisfied:

(i) For any u € Y there exists a linear map DF (u) from Y to R such that

. Fu+tv)y—J@m)
m

i
t—0 1t

= DF(u)(v)

foreveryv € Y.
(ii) For any v € Y, the map u — DF(u)(v) is continuous on Y.

Denote by C lL(Y) the set of weakly continuously differentiable functionals on Y. It is clear that C'(Y) c C ,L (Y)
where we denote by C'(Y) the set of all continuously Frechet differentiable functionals on Y. For simplicity of
notation, we shall denote DF (u) by F’(u).

The following lemma concerns the smoothness of the functional A.

Lemma 7 (See [3]).

() If {uy} is a sequence weakly converging to u in X, denoted by u,, — u, then A(u) < liminf,_, oo A(uy).
(ii) Forallu,z € E,

u-—+z 1 1
< _ _ _ _ 14
/1( > ) < 2/l(u)+ 2A(Z) kyllu —z|l's -

(iii) A is continuous on E.
(iv) A is weakly continuously differentiable on E and

(A (), v) = / a(x, Vu)Vudx
7]

forallu,v € E.
W) Aw) — A(w) = (A (v),u —v) forallu,v € E.

The following lemma concerns the smoothness of the functional J. The proof is standard and simple, so we omit
it.
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Lemma38. (i) If u, — uin X, then lim,—  J (u,) = J(u).
(i) J is continuous on E.
(iii) J is weakly continuously differentiable on E and

(J' (), v) = / R |u) " uvdx + / g ()|l uvdx
(0} N
forallu,v € E.
Our main tool is a variation of the Mountain-Pass Theorem introduced in [2] and the Z, version of it introduced

in [6].

Lemma 9 (Mountain-Pass Lemma). Let F be a continuous function from a Banach space E into R. Let F be weakly
continuously differentiable on E and satisfy the Palais—Smale condition. Assume that F(0) = 0 and there exist a
positive real number p and zo € E such that

@ llzolle > p, F(z0) = F (0).
(i) a =inf{F(w) :u € E, lullg = p} > 0.

PutG ={p € C([0,1], E) : $(0) = 0, ¢ (1) = z0}. Assume that G # (. Set
B = inf{max F(¢ ([0, 1])) : ¢ € G}.
Then B 2 o and B is a critical value of F.
Lemma 10 (Symmetric Mountain-Pass Lemma). Let E be an infinite dimensional Banach space. Let F be weakly
continuously differentiable on E and satisfy the Palais—Smale condition. Assume that F(0) = 0 and:

(i) There exist a positive real number o and p such that

inf F(u)Za>0

u€oB,

where B, is an open ball in E of radius p centered at the origin and 0 B, is its boundary.
(ii) For each finite dimensional linear subspace Y in E, the set

{ueY:}'(u)iO}
is bounded.

Then F possesses an unbounded sequence of critical values.
3. Proofs

We remark that the critical points of the functional I correspond to the weak solutions of (1). In order to apply
Lemma 9 we need to verify the following facts.

Lemma 11. (i) [ is a continuous function from E to R.
(ii) I be weakly continuously differentiable on E and

<”<">vv>=/ a<x’Vu>Vvdx—/ h(x)|u|’*1uvdx—/ gO0)ul* uvdx
i) N 0

forallu,v € E.
(iii) 7(0) = 0.
(iv) There exist two positive real numbers p and o such that
inf{I(w):u € E, |ullg = p} > a.
(v) There exists ¥ € E such that limy_, I (1) = —o0.

(vi) I satisfies the Palais—Smale condition on E.
(vii) There exists zo € E such that ||zollg > p, I (z0) £ 0.
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(viii) The set
G={peC(0,11,E):¢(0)=0,¢ () =z0}
is not empty.

Proof. (i) This comes from (iii) in Lemma 7 and (ii) in Lemma 8.
(ii) This comes from (iv) in Lemma 7 and (iii) in Lemma 8.
(iii) This comes from the definition of /.
(iv) First, let S be the best Sobolev constant of the embedding W7 (£2) — LP" (), that is,

] fQ [Vu|Pdx
S = inf O
ueWlr(£)\{0} (fg |u|ﬂ*dx)17*
Thus, we obtain
1
S7 Il ) = VIl

forall v € E. Since
Np

ro =
Np—(@r+1) (N -p)
then
1 1 Np—(r+1)(N — N —
LIRS f
ro L Np Np

r+1
By Holder’s inequality and the above relation we deduce

tkmmw”mxgwhwmwmxm

1 1 r+1
< Wl =z (ST 18l o))
S

1 1 1
< Nhllproy —z lulls™ = 0+ 1) pllul
)4

With similar arguments, we have

Amww“mgc+nww?.

Thus, we obtain
. 1 1 1
I(u) 2 min {ko, ;} lully — wllalg™ = vl

+1— +1—
= (%= P = vl )
We show that there exists 7y > 0 such that

r+l1—p

A — ut, —vestP S,

To do that, we define the function
Q) =t TP 4 ustl=P 0.

1541

“)

®)

(6)

(M

®)

€))

Since lim;_, o, Q (t) = lim;—.0 Q (t) = o0, it follows that Q possesses a positive minimum, say fg > 0. In order

to find 9, we have to solve equation Q’(fp) = 0, where
QW)= +1-—put"™ P +s+1-pv’ 7,

A simple computation yields

(0
th=——= :
s+1—pv
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Thus, relation (9) holds provided that

r+l—p s+1—p

p—r—lu s—r p—r—lM s—r
ul——-— v|——— <A
s+1—pv s+1—pv
or equivalently
s+1—p r+l-p s+1—p s+1—=p
nos=r <p_r_1) s—r +M s—r (p-r-]) s—r A
<
r+l— r+l—
vx—rp S+1_p Ux—rp S+1_p
or
s+1-p p—r—1

1Al ot gl ot
is small enough.
(v) Let ¢y € C°(£2), ¥ 2 0, ¥ # 0. Then using Lemma 5, we have

r+1
I(ty) =/ A (x, V) dx — /h(x)|1/f|r+1dx (10)
7) r+1Jp
s+1
_ s+1
s+1/;3g(x)|l'lf| dx (11)
s+1
grf’/ A Vi) dx — /g(x>|w|”1dx. (12)
I?) s+1Jp

Thus, lim;_, o I (ty) = —o00.

(vi) Let {u,} be a sequence in X and B be a real number such that I (u,) — B and I’ (u,) — 0in E*. We prove
that {u,} is bounded in E. We assume by contradiction that ||u, || f — 0o as n — oo. It follows from conditions
(A3) and (A4) that for n large enough

B+ 1+ |luyl >1(u)—L(1/(u)u) (13)
nlgE = n S+1 n),“n
1
=/Q<A(x,Vu,,)—S+1a(x,Vun)Vun>dx (14)
s—r
S S — " Ty 15
et Jo (xX)|unl (15)
or
B 41+ llunl +L/ () ||+ dx (16)
ET+DG6+D Jg "
p
>(1- L2 )& Vi, |Pdx. 17
_< S+1>o/ﬂ|un|x )
Hence
s —r 1
B+ 1+ llunllp + TIDGED A0 o2 F lln ! (18)
J2
p
> (1—m> ko lun I, . (19)

Since | <r < p — 1 and ||u,||g — 00 as n — 00, dividing the above inequality by ||u, ||’é and passing to the
limit as n — oo we obtain a contradiction. Hence {u,} is bounded in E. By Remark 2, we deduce that {u,} is
bounded in X. Since X is reflexive, then by passing to a subsequence, still denoted by {u, }, we can assume that
the sequence {u,} converges weakly to some u in X. We shall prove that the sequence {u,} converges strongly
touin E.

We observe by Remark 2 that u € E. Hence {||u, — u| g} is bounded. Since {|| I’ (u, — u) ||E} converges to

0, then <I’ (up —u), uy — u) converges to 0.
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Since E is continuously embedded in L7 (), then we deduce that u, converges weakly to u in LP" ().
Then it is clear that |u, |~ u, converges weakly to lul" "V in L ().
Now define the operator U : LF (2) > Rby

(U, w) =/ h(x)uwdx.
7

We remark that U is linear. Moreover, it follows from
1 r 1
+ +

that U is continuous since & € L"0({2). All the above pieces of information imply
(U ual ) = (U ),

that is,
lim / h(x)|u,,|’*‘unudx=/ h(x)|u) dx.
n—>oo [ N

With the same arguments we can show that

lim f ) |up [ upudx = f g(x)|ul*tdx, (20)
n—0o0 _Q Q

lim / h(x)|u,,|’+‘dx=/ h(x)|u) dx, 1)
n—0o0 .Q .Q

lim / g(x>|un|“+1dx=/ g(0)|uldx. (22)
n—oo Q ,Q

Therefore,

lim / RO | iy (uy — u)dx = lim </ h(x)|u,,|’+1dx—/ h(x)|u|’+1dx)
n—oo _Q n—oo .Q .Q

— lim (/ h(x)|un|’_1unudx—/ h(x)|u|f+1dx)
n—oo _Q .Q
which yields

lim / RO |un | up (up — u) dx = 0.
n—0o0 Q

Similarly, we obtain

lim / g)unl* "y (up — u)dx = 0.
n—0o0 Q

On the other hand,
(I (un) , up —u) = / RO "y (un — ) dx (23)
0
+ /Qg<x>|un|s‘1un (tn — u) dx. (24)
Thus
lim (J' (un) , up — u) = 0.
n—00

This and the fact that
<A/(un)»un - ”) = <I/(un)sun _u>+<1/(un)sun —M)
gives

lim (A (up), uy — u) = 0.

n—oo
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By using (v) in Lemma 7, we get
A) — lim A(uy) = lim (A) — A (uy)) = lim (A" (uy), u — u,) = 0.
n—o0 n— o0 n—oo
This and (i) in Lemma 7 give
lim A (u,) = A(u).
n— oo

Now if we assume by contradiction that ||u, — u||g does not converge to 0, then there exists ¢ > 0 and a
subsequence {unm} of {u,} such that

Jitn, —ul = e

By using relation (ii) in Lemma 7, we get
1 1
5/1(14) + EA (u,,m) —A <

Letting m — oo we find that

u”m + u

. )>hme—w2>hﬁ.

lim sup A4 (M) < A(u) — ky€?.
m—00 2

We also have that W converges weakly to u in E. Using (i) in Lemma 7 again, we get

A(u) £ lim inf A (u"'" +u> .
m— 00 2

That is a contradiction. Therefore {u, } converges strongly to u in E.
(vii) The existence of zg € E such that ||zollg > p, I (z0) < 0 is followed from the fact that lim;_, o, I (1) = —o0.
(viii) We consider a function ¢ € C ([0, 1], E) defined by ¢ () = tz9, forevery t € [0, 1]. Itisclearthatp € G. [

Proof of Theorem 3. Using Lemmas 9 and 11 we deduce the existence of u; € E as a nontrivial generalized solution
of (1). We prove now that there exists a second weak solution uy € E such that uy # ug.
By Lemma 11, it follows that there exists a ball centered at the origin B C E, such that

inf/ > 0.

0B
On the other hand, by the lemma there exists ¢ € E such that /(t¢) < 0, for all # > 0 small enough. Recalling that
relation (7) holds for all u € E, that is,

1) Z Ml — plull™ = vllul
we get that

—00 <g:=iréfl < 0.
We let now

0 <e <infl —infl.

3B B

Applying Ekeland’s Variational Principle for the functional / : B — R, there exists u, € B such that

I(ug) <infl +¢ (25)

B

I(ueg) < IT(u)+ellu—uellg, u#ue. (26)
Since

I (ug) <infl +¢ <infl +¢ <infl
B B 3B

it follows that u, € B. Now we define M : B — Rby M(u) = I (u) + ¢ ||u — ug|| g. It is clear that u, is a minimum
point of M and thus
M(us+tvt) — M (u;) >0
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for a small # > 0 and v in the unit sphere of E. The above relation yields

I (ue +1v) — 1 (ue)
t

+ellvlg 2 0.

Letting t — 0 it follows that
(I'we) , v)+elvlg >0

and we infer that ||I’ (ug)”E < ¢. We deduce that there exists {u,} C B such that I (u,) — cand I’ (u,) — 0. Using
the fact that J satisfies the Palais—Smale condition on E we deduce that {u, } converges strongly to u, in E. Thus, u»
is a weak solution for (1) and since 0 > ¢ = I (u7) it follows that u» is nontrivial.

Finally, we point out the fact that | # u, since

ITup)=c>0>c=1(w).
The proof is complete. [
Proof of Theorem 4. In view of (Ag¢), I is even. In order to apply Lemma 10, it is enough to verify condition (ii) in

Lemma 10. It is known that

p—1

P

/Q A e, Vi) dx < <o ( /Q |ho(x)|dx) it llg + a2 @7

=t ¢t lunllg + co lunllf - (28)

This gives

Iw) < et llunll g + co llunll?y — g0 |uldx.

s+1 /o

Suppose that E is a finite dimensional subspace of E. Setting

1
s+
3 = ( fQ g<x>|u|f+1dx)

forallu € E , we see that ||.|| z is a norm in E. We also note that in E the norms are equivalent. Thus, there exists a
positive constant K such that

lulle = Kllullz.
This implies that

K
P 5+ 1
I(w) = ci llunllg + collunlly — H_—lllulljg .

Since p < s + 1 then {u €E:1 () 2 O} is bounded. Hence, I possesses an unbounded sequence of critical values.
Therefore, I possesses infinitely many critical points in E. This completes the proof. [
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