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Abstract. In this paper we study the existence of positive solution of the following Dirichlet problem for a
system of nonlinear equations on a bounded domain

—Apu = Af (z,u,v) in 2
—Agv = pg (x,u,v) in 2
u=v = 0on 0.

The proof is based on the comparison principle and the Schauder Fixed-Point Theorem.
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1 Introduction

In this present work we are interested in the study of the following Dirichlet problem

—Apu = Af (z,u,v) in 2
—Aqv = pg (z,u,v) in 2 (1)
u=wv=0o0n0s2,

where 2 ¢ RN (V> 3) is a bounded domain with a smooth boundary 012, p,q > N; A\, u are suitable
parameters; f, g : 2 x [0,4+00) X [0, +00) — [0, +00) are continuous functions and

~Agu = div (yvu|5*2 w)

denotes the s-Laplacian as usual.

The study of nonlinear systems, such as (1), naturally arises in the study of various kinds of nonlinear
phenomena such as non-Newtonian fluid: pseudo-plastic fluids correspond to s € (1,2) while dilatant fluids
correspond to s > 2. The case s = 2 expresses Newtonian fluids phenomena such as chemical reactions,
pattern formation, polulation evolution. As a consequence, positive solutions of (1) are of interest. Problem
(1) covers several important cases. When p = ¢ = 2, (1) becomes the semilinear elliptic system:

—Au = \f (z,u,v) in 2
—Av = pg (x,u,v) in 2 2)
u=v=0on0s2.
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A special case of (2) is the Lane-Emden system which was treated by Dalmasso [6].
An other special case of (2) is the usual Laplacian problem as follows

{ —Au=\f (z,u) in 2 3)

u = 0 on 912,

which has received extensive investigations in the past several decades, see, e.g., [7] and references therein.

Several methods have been used to treat quasilinear equations and systems. In the scalar case, weak
solutions can be obtained through variational methods which provide critical points of the corresponding
energy functional, an approach which is also fruitfull in the case of potential systems. However, due to the
lack of variational structure, the treatment of nonvariational system, such as (1), is more complicated and is
based mostly on topological methods, see, e.g [1].

Recently, in [15] the authors discussed (1) in the more general cases without the presence of parameters
to obtain the existence of positive solution under the suitable conditions. The main approach in such papers
is based on the comparison principle and the Schauder Fixed-Point Theorem. In this paper, we adopt these
methods to extend the existence results obtained in [15].

The aim of the present work is to study the existence of positive solutions of the problem (1) under the
above hypothesis and suitable conditions for parameters. We shall show that there exist numbers \g and g
such that (1) has a positive solution for 0 < A < Ag and 0 < p < pg. Our paper is organized as follows.
Section 2 provides some preliminaries and notations before stating our main results in Section 3.

2 Preliminaries

We recall some basic results for the p-Laplacian. Let ¢ (respectively ) be the torsion functions relative
to {2 and to the operator —A,, (respectively —A4,), that is,

—Ap¢p=11in 2 d —Aqp =1in{?
¢ =0on0f2 an @ = 0on 0f2.

We make the following assumptions:

(H1) f,g: 2 x [0,+00) x [0,4+00) — [0, +00) are continuous functions such that
(i) u— f(x,u,v),u — g(z,u,v) are nondecreasing for every x 6? and v > 0.
(i) v— f(z,u,v),v — g(x,u,v) are nondecreasing for every x € {2 and u > 0.
(H2)

F
lim inf M =0, liminf M =0,
z—+00 z z——+00 z
where F' (u,v) := max f (z,u,v), G (u,v) := max g (x, u,v).
zEeN e
(H3)
h k
lim inf (2,2) = 400, liminf (2,2) = 400,
z—0+ z z—0+ z

where h (u,v) :=min f (z,u,v), k (u,v) : =min g (z, u,v).
z€ef? zes?

3 Main results

Theorem 1. Assume that (HI)-(H2)-(H3) hold. Then there exist positive numbers Ao and npg such that (1)
has a positive solution for 0 < A < Ag and 0 < p < .

Theorem 2. Let (HI) holds and )\, i > 0 and nassume that there exist positive constants 11,73, S1, S such
that for x € {2
f (x7 87 t)
_ —

STt

. f(z,s,t)

tra
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are nondecreasing, and
g(z,s,t)

s51

g(z,s,t)

o2

S t—

)

are nondecreasing. If one of the following conditions is satisfied

(i) R < 1 and AR 0ml) o,
(i) 1552 < 1 and Aoz bna=l) <,

(iii) *1H32 < land "2 <1,

(iv) 52 < 1 and (PNt <,

(v) T2 < 1 and ettt o

(vi) CpRenlp=l) < 1 ang (el (el <,

then (1) admits at most one positive solution.

In view of (H2), (H3), there exist numbers R > max {[|¢|| . , |||, } and
1 p=1 1 g=1
min {Ap—?gbp—?,uq—?gzbq—?} >e>0
such that F/(R,R) < R,G(R,R) < Rand h(e,e) > e.

Proof. Let
RP—2 R172
= To-1 o MO= o=
llln" lellss
We now only consider 0 < A < Mg and 0 < p < pp.
For each (v1,v2) € C (2) x C (£2) we define (u1,uz) = A, (v1,v2) by

Ao

—Apuy = Af (x,v1,v2) in 2
—Aguz = pg (z,v1,v2) in 2 “4)
u1 = ug = 0 on 9f2.

Then Ay, : C (22) x C (R2) — C (£2) x C (£2) is well-defined, completely continuously and fixed points
of A ,, are solutions of (1). We claim that

A, (B(e,R) x B(¢,R)) € B(¢,R) x B(e, R)

where

B(e,R)={2€C(2)|e< |zl <R}.
Indeed, let vy, vy in C (£2) such that [jv1 ||, < R, [Jv2],, < R. By (HI), we have
—Apu = XNf (z,v1,v2) < Af(z,R,R) < AF (R,R) < AR
which implies, by the comparison principle, that
w< (AR)7T 6 < (AR)7T 6], < R

Consequently, v < R.

Next, we will show that ||ul|, > &, ||v||, > . Indeed, let vq, v2 in C (£2) such that [|v1],, > e,
[v2]l oo > €

—Apu = N (z,v1,v2) > Af (z,e,6) > Ah(e,e) > Ae.
By the comparison principle, we get:
1
u>(Ae)r 1 ¢ >e,

which gives ||u||, > €. Consequently, ||v]|,, > .

By the Schauder Fixed-Point Theorem, A , has a fixed point (u, v) with e < |lul[, < R, e < [|v]l, <
R. The proof is complete.

WJIMS email for subscription: info@wjms.org.uk



214 H. Toan & Q. Ng: Existence of positive solution for system of quasilinear elliptic systems

Proof. Let (u,v) # (u1,v1) be positive solutions of (1). We will provide the proof only for the cases (i), (iii)

and (iv). We define B
5:inf{82l‘eulzu,gvlzvin()}.

We will show that § = 1. Assume that § > 1. Let (i) holds, then

— Ay = Af (2,1,0) < Af (2, 8u1,0) < 0"AS (2, u1,v)
< ONSf (z,u1,601) < OV (2, ug,v1)

which gives

r1+7T9
~Apu <=4, (65T w),
which yields, by the comparison principle, that

r1tre
u<4§r1 .

Using (5) in the equation for v we get:

T1+79

1+
_Aqv = H1g (fL’,U,'U) < ung (JI,(S ;’712 Ul,U) < 0 »1 SIHg (.T,’Ul,'l))

rit+ro ritr
1

<671 g (z,up,0v1) < 6 T

2 51452

g (z,u1,v1)
which gives
(ri+ra)si+sa(p—1)
—Aqv < —Aq <(5 (p—1)(g—1) ’Ul)
which yields, by the comparison principle, that

(r1tr2)sy+sa(p—1)
v<§ (p—1)(¢—1) v1,

(ri4ra2)si+s2(p—1)
(p—1)(g-1)

contradicting the definition of § due to 7"11)%’1'2 < 1land <L

Let (ii1) holds, then
_AQ/U = HKg (xa U,’U) < ng (ﬁ, (S’U&,’U) < 681#9 (CC, uy, U)
< 0% pg (,u1,6v1) < 672 g (2, u1,v1)
which gives
s1ts2
~Ap < =4 (5 )
which yields, by the comparison principle, that

s1+so
v<§ a1 v,

In view of inequalities (5) and (7) we have a contradiction with the definition of .
Let (iii) holds, then working as (5) and (7) we get
r1tre s1tsg
—Apu < Af(x,6 P=T uy,d a1 vy)

(r1t+r2)(ga—D)ri+(s1+s2)(p—1)ro
(e=D(p-1) M (x,ur,v1).

Thus,

(r1+r2)(g—1)r1+(s1+s2)(p—1)7o
u <4 (p—1)2(g—1) Ul

contradicting the definition of 4.

&)

(6)

(N

Thus § = 1,1i.e., v < w1 and u < w;. Similarly, v > vy and u > u. Consequently, v = u; and v = v;.
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4 Some applications

In this section, we will give some examples to demonstate our results.

Example 1. Consider the following problem:
—Apu = v%in 2, —Aju= pufin 2, w=v="00ndN ®)

where 2 > «, 3 > 0. Then, there exist numbers g, po such that (8) has a positive solution for 0 < A < Ag
and 0 < p < po.

Example 2. Consider the following problem:
—Apu = X <u°‘ —i—vﬁ) in 2, —Agu=p (u7 +v5> inf2, u=v=0o0n0{? 9)

where 1 > «, 8,7, > 0. Then, there exist numbers \g, 1o such that (9) has a positive solution for 0 < A < Ag
and 0 < p < po.

Example 3. Consider the following problem:
—Apu = Au®v? in 12, —Agu = ,wﬂvé in {2, u=v=0o0n09{? (10)

where «, 3,7, > 0 satisfying o + § < 1 and v+ § < 1. Then, there exist numbers Ay, po such that (10) has
a positive solution for 0 < A < Agand 0 < p < pp.
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