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Abstract In this paper we first derive an Ostrowski type inequality on time scales for dou-
ble integrals via A A-integral which unify corresponding continuous and discrete versions.
We then replace the A A-integral by the VV-, AV-, and V A-integrals and get completely
analogous results.
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1 Introduction

In 1938, Ostrowski [27] proved the following interesting integral inequality which has re-
ceived considerable attention from many researchers [11, 12, 21, 22, 25, 26, 32].

Theorem 1 Let f : [a, b] — R be continuous on [a, b] and differentiable on (a, b) whose
derivative function f': (a,b) — R is bounded on (a, b), i.e., | f'lloo = SUP,c(u.py | f/ ()] < 0.
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Then

ﬂ 2
‘f(X)——f forde| < ( ((b_ )) )(b—a)ﬂfnoo M

forall x €la, b].

n [13], Dragomir et al. proved the following Ostrowski type inequality for double inte-
grals.

Theorem 2 Let f : [a, b] X [c,d] — R be such that the partial derivatives

027(1,9)
atds

af(t,s) af(t.s)
at das

exist and are continuous on [a, b] X [c, d]. Then

1 b d
’f(xy”—m/azf(t,s)dtds
1 (=) 1o (- N
(5SS <d—c>HaHm

O AYL (y—‘*d)z
+(Z+W res Kt

forall (x,y) €la,b] x[c,d].

(@)

el

The development of the theory of time scales was initiated by Hilger [15] in 1988 as
a theory capable to contain both difference and differential calculus in a consistent way.
Since then, many authors have studied certain integral inequalities or dynamic equations on
time scales [1, 7, 8, 16, 28-31, 36]. In [8], Bohner and Matthews established the following
so-called Ostrowski inequality on time scales which was later generalized by the present
authors [18-20, 23].

Theorem 3 (See [8], Theorem 3.5) Leta,b,x,t € T,a <band f :[a,b] — R be differen-
tiable. Then

! o At| < M h h b 3
f(x)_m/a 7 0b1] = o (har.@) + ha(x. b)), 3)

where M = sup,_,_, | f2(x)| (see Definition 3 below for h,(-,-)). This inequality is sharp
in the sense that the right-hand side of (3) can’t be replaced by a smaller one.

In the present paper, we shall first generalize the above Ostrowski inequality on time
scales for double integrals via A A-integral which unify corresponding continuous and dis-
crete versions. We then replace the A A-integral by the VV-, AV-, and V A-integrals and
get completely analogous results.

This paper is organized as follows. In Sect. 2, we give a brief introduction into the
(one-variable) time scales theory. In Sect. 3, we recall in brief the so-called Riemann AA-
integrals and develop Riemann VV-integrals, Riemann AV-integrals and Riemann VA-
integrals. In Sect. 4, we first present an Ostrowski inequality on time scales for double
integrals via A A-integral, then get completely analogous results via the VV-, AV-, and
V A-integrals. In the last section, we indicate our further works on deducing our results to
the double <>-integral.
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2 The One-Variable Time Scales Theory

Now we briefly introduce the (one-variable) time scales theory and refer the reader to Hilger
[15] and the books [9, 10, 17] for further details.

A time scale T is an arbitrary nonempty closed subset of real numbers. For ¢ € T, we
define the forward jump operator o : T — T by o(t) =inf{s € T:s >t} if t # supT,
and o (sup T) = sup T, while the backward jump operator p : T — T is defined by p(t) =
sup{s € T:s <t} if t #infT, and o (infT) = inf T. If o (¢) > ¢, then we say that ¢ is right-
scattered, while if p(t) <t then we say that ¢ is left-scattered. Points that are right-scattered
and left-scattered at the same time are called isolated. If o () = ¢, ¢ is called right-dense,
and if p(¢) =t then ¢ is called left-dense. Points that are right-dense and left-dense at the
same time are called dense. Let 7 € T, then two mappings w, v : T — [0, 400) satisfying
u@):=o(t) —t, (t) :=t — p(t) are called forward and backward graininess functions,
respectively.

We now introduce the set T“, T, and T, which are derived from the time scales T as
follows. If T has a left-scattered maximum ¢, then T* := T —{#,}, otherwise T* := T. If
T has a right-scattered minimum #,, then T, := T —{#,}, otherwise T, := T. Finally, we
define T = T“ N'T,. Given a function f : T — R, we define the function f° : T — R by
fo(@) = f(o(t)) for all r € T and define the function f*: T — R by f*(¢) = f(p(¢)) for
allt eT.

Let f : T — R be a function on time scales. Then for t € T*, we define () to be
the number, if one exists, such that for all & > 0 there is a neighborhood U of ¢ (i.e., U =
(t —38,t+8)N'T, for some § > 0) such that for all s € U

[fo0 = f() = fA@ (0 (t) —s5)| <elo@®) —s].

We say that f is A-differentiable on T provided f2(¢) exists for all ¢ € T. Similarly, for
t € T¢, we define fV(¢) to be the number, if one exists, such that for all & > O there is a
neighborhood V of ¢ (i.e., V = (t — §,¢ 4+ ) N'T, for some 6 > 0 ) such that for all s € V

£ = f )= YD () )| =elp@®) =s|.
We say that f is V-differentiable on T, provided fV () exists for all ¢ € T,.
A function f : T — Ris called rd-continuous, provided it is continuous at all right-dense
points in T and its left-sided limits exist at all left-dense points in T.

A function f : T — R is called ld-continuous, provided it is continuous at all left-dense
points in T and its right-sided limits exist at all right-dense points in T.

Definition 1 A function F : T — R is called a A-antiderivative of f : T — R provided
F2(t) = f(t) holds for all € T*. Then the A-integral of f is defined by

b
/ f®At=F@®)—F(a).

Definition 2 A function G : T — R is called a V-antiderivative of g : T — R provided
GV (t) = g(t) holds for all t € T,. Then the V-integral of g is defined by

b
/ g)Vi=Gb)—G(a).
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Definition 3 Let ; : T?> — R, k € Ny be defined by
ho(t,s)=1 foralls,teT

and then recursively by
t
g1 (2, 8) = / hi(tr,s) At foralls,t €T.

Definition 4 Let j; : T?> — R, k € Ny be defined by
Jjo(t,s)=1 foralls,t €T

and then recursively by

t
Jrt1 (t,s):/ Jje(t,s)Vr  foralls,teT.

3 The Two-Variable Time Scales Theory

The two-variable time scales calculus and multiple integration on time scales were intro-
duced in [4, 5] (see also [6]). Let T, and T, be two given time scales and put T; x T, =
{(x,y):x €T, yeT,}, which is a complete metric space with the metric d defined by

d((xvy)!(x/ay/)):\/(x _-x/)2+(y_y/)2’ V(xs)’), (x/’y,) e’H‘l XT2~

For a given § > 0, the §-neighborhood Uj(xy, yo) of a given point (xg, yo) € T x T, is the
set of all points (x, y) € T} x T, such that d((x, y), (xo, yo)) < 8. Let o1, p; and o7, p, be
the forward jump and backward jump operators in T; and T,, respectively.

In the first part of this section, followed from [5], we recall in brief the so-called Riemann
A A-integrals. Then followed by a note in [5] (see also in [6]), we develop Riemann VV-
integrals, Riemann A V-integrals and Riemann V A-integrals.

3.1 Riemann A A-Integrals
In this subsection, we will recall the so-called double delta integrals from [5, Sects. 2 and 3].

Definition S The first order partial delta derivatives of f : T| x T, — R at a point (xo, yo) €
T} x T% are defined to be

af(x07 YO) — lim f (01 (XO) s YO) - f (X, )’0)
Ax X—>X0,X701 (x0) o1 (xp) — x ’

3f (xo, yo) _ lim S (x0,02 (y0)) — f (x0, )
Aoy y=30,¥7#02(30) o2 (Yo) = .

Then, the authors defined the second order partial derivatives

2f(x.y) 0 (af(x,w) 2 f(x,y) 9 (af(x,y)>
e — e and Eu— e .

A1x2 o Alx Alx AzyAlx o Agy Alx
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Next, we recall the so-called double Riemann A-integrals (which will be denoted by AA-
integrals) over regions T x T, and present some properties of it over rectangles. Suppose
a < b are points in T, ¢ < d are points in Ty, [a, b) is the half-closed bounded interval in
T, and [c, d) is the half-closed bounded interval in T,.

Let us introduce a AA-rectangle in T; x Ty by Raa = [a,b) X [c,d) ={(t,s) : t €
[a,b),s €[c,d)}. Let

{x0,%x1,...,x,} Cla,b], wherea=xy<x;<---<x,=b

and

{vo,y1,-... )} Cle,d], wherec=yy <y <---<y=d.

We call the collection of intervals P; = {[x;,_1, x;) : | <i <n} a A-partition of [a, b) and
denote the set of all A-partitions of [a, b) by Pa([a, b)). Similarly, the collection of intervals
P ={lyi—1,y):1 <i <k} iscalled a A-partition of [c, d) and the set of all A-partitions of
[c, d) is denoted by Pa([c, d)). Set

Rij =[xi—1,x;) < [yj—1,y;), wherel <i<n,j<1=<k.

We call the collection Pap ={R;j:1<i <n,1 =< j <k}a AA-partition of Rxx, generated
by the A-partition P; = {[x;—1,x;) : 1 <i <n}and A-partition P, ={[y;—1, y;): 1 < j <k}
of [a, b) and [c, d), respectively, and write Pax = P; X P,. The rectangles R;;, 1 <i <n,
1 < j <k, are called the subrectangles of the partition Pox. The set of all A A-partitions of
R is denoted by Paa(R).

We need the following auxiliary result. See [10, Lemma 5.7] for the proof.

Lemma 1 For any § > 0 there exists at least one Py, € Pa([a, b)) generated by a set
{x0, x1, ..., x,} Cla, b], where a = xy < x; <--- < x, =b so that foreach i € {1,2, ...,n}
either x; — xj_1 S8 orx; — xi_1 > 8 and o (x;_1) = x;.

We denote by (Pa)s([a, b)) the set of all P; € Pa([a, b)) that possess the property
indicated in Lemma 1. Similarly, we define (Pa)s([c, d)). Further, by (Paa)s(R) we de-
note the set of all Paa € Paa(R) such that Pap = P; x P, where P; € (Pa)s([a, b)) and
Py € (Pa)s(lc, d)).

Definition 6 Let f be a bounded function on R and P € Paa(R) be given as above. In
each rectangle R;; with 1 <i <n,1 < j <k, choose an arbitrary point (§;;, 1;;) and form
the sum

n k
§= sz(gfj’ Uij) (xi —xi—1) (Yj _yjfl).

i=1 j=1

We call S a Riemann AA-sum of f corresponding to P € Paa(R).

Definition 7 We say that f is Riemann A A-integrable over R if there exists a number /
with the following property: For each ¢ > O there exists § > 0 such that |S — /| < ¢ for every
Riemann AA-sum S of f corresponding to any P € (Paa)s(R) independent of the way in
which we choose (§;;,7;;) € R;j for 1 <i <n,1 < j <k. The number I is the Riemann
A A-integral of f over R, denoted by
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// fl, A IxAzy.
R

We write I =limg_,( S.
It is worth recalling from [5, Theorems 3.4 and 3.10] the following propositions.

Proposition 1 (Linearity) Let f, g be A A-integrable functions on R = [a, b) X [c,d) and
let a, B € R. Then

/f [a.f(x,y)+ﬁg(x,y)]A1xAzyZa// f(x,y)AnxAzy-l-ﬂ// g(x, y)A1xAyy.
R R R

An effective way for evaluating multiple integrals is to reduce them to iterated (succes-
sive) integrations with respect to each of the variables.

Proposition 2 Let f be AA-integrable on R = [a,b) X [c,d) and suppose that the sin-
gle integral I(x) = fcd f(x,y)Ayy exists for each x € [a,b). Then the iterated integral

fab I(x)A\x exists, and

b d
// f(x,y)Alezyzf Alx/ [, y)Aqy.
R a c

Remark 1 The notation AA means that we take the first A as the differentiation of the first
variable of function under the integral sign and then we take the second A as the differenti-
ation of the second variable of function under the integral sign. In the following parts of this
section, for example, by AV-integral, we mean that we take the first A as the differentiation
of the first variable of function under the integral sign and then we take the second V as the
differentiation of the second variable of function under the integral sign.

3.2 Riemann VV-Integrals
Riemann VV-integrals can be defined similarly to Riemann A A-integrals as following.

Definition 8 The first order partial nabla derivatives of f : T; x T, — R at a point (xq, yo) €
(T1) x (T,), are defined to be

9f (X0, yo) _ lim S (p1 (x0) , yo) — f (x, o)
Vix X—=>X0,X#p1 (X0) p1 (x0) —x ’

9f (x0, o) _ lim S (x0, p2 (30)) — f (x0, )
Voy y=>30,y#02(30) P2 (Yo) — ¥y .

Then, we define the second order partial nabla derivatives as follows

Pfe,y) 8 (3f(x,y) d Pf,y) 9 (3f(x,y)
— ——=_ Vix and ———=—— .

V1x2 o sz szle o sz V]X

Next, we define the double Riemann VV-integrals (which will be called by VV-
integrals) over regions T; x T, and present some properties of it over rectangles. Suppose
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a < b are points in T, ¢ < d are points in Ty, (a, b] is the half-closed bounded interval in
T, and (c, d] is the half-closed bounded interval in T,.

Let us introduce a VV-rectangle in Ty x T, by Ryv = (a,b] x (¢c,d] ={(t,s) : t €
(a,bl,s € (c,d]}. Let

{x0,x1,...,x,} Cla,b], wherea=xy<x;<---<x,=b
and

{yo, 1, ..., )} Clc,d], wherec=yo<y <--- <y =d.

We call the collection of intervals P; = {(x;—1,x;]: 1 <i <n} a V-partition of (a, b] and
denote the set of all V-partitions of (a, b] by Py ((a, b]). Similarly, the collection of intervals
P ={(yi—1,y:]: 1 <i <k} iscalled a V-partition of (c, d] and the set of all V-partitions of
(c, d] is denoted by Py ((c, d]). Set

R,‘j = (x,-,],x,-] X (yjfl,yj] , where 1 fl fl’l,] < 1 < k.

We call the collection Pyy ={R;; : 1 <i <n, 1 < j <k} a VV-partition of Ryv, generated
by the V-partition P; = {(x;_1, x;]: 1 <i <n}and V-partition P, = {(y;—1, yi]: 1 < j <k}
of (a, b] and (c, d], respectively, and write Pyy = P; x P,. The rectangles R;;, 1 <i <n,
1 < j <k, are called the subrectangles of the partition P. The set of all VV-partitions of
Ryy is denoted by Pyy (R).

Similar to Lemma 1, we obtain the following lemma.

Lemma 2 For any § > 0 there exists at least one P; € Py((a,b]) generated by a set
{x0, X1, ..., x4} Cla, b], where a = xg < x| <--- < x, = b so that for each i € {1,2,...,n}
either Xi —Xi—1 § Sorx;—xi_1>96 and £1 ()C,‘) =X;i_1.

We denote by (Py)s((a, b]) the set of all P; € Py((a, b]) that possess the property
indicated in Lemma 2. Similarly, we define (Py)s((c, d]). Further, by (Pyy)s(R) we de-
note the set of all Pyy € Pyy(R) such that Pgyy = P; x P, where P, € (Py);s((a, b]) and
P € (Py)s((c,d]).

Definition 9 Let f be a bounded function on R and P € Pyy(R) be given as above. In each

rectangle R;; with 1 <i <n,1 < j <k, choose an arbitrary point (&;;, ;;) and form the
sum

n k
:ZZ (&j» mij) i = xim) (3 — vim1)-

We call S a Riemann VV-sum of f corresponding to P € Pyy(R).

Definition 10 We say that f is Riemann VV-integrable over R if there exists a number
I with the following property: For each ¢ > 0 there exists § > 0 such that |S — /| < ¢ for
every Riemann VV-sum S of f corresponding to any P € (Pyy)s(R) independent of the

way in which we choose (&;;, n;;) € R;j for1 <i <n,1 < j <k. The number [/ is the double
Riemann V-integral of f over R, denoted by

/ fx, »)VixVay.
R

We write I =limg_,( S.
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484 W. Liu et al.

Similarly to Proposition 1, we obtain

Proposition 3 (Linearity) Let f, g be VV-integrable functions on R = (a, b] x (c,d] and
let o, B € R. Then

// [af(x,y)+ﬂg(x,y)]V1szy=a// f(x,y)V|szy+/3// g(x, y)VixVyy.
R R R

An effective way for evaluating V V-integrals is to reduce them to iterated (successive)
integrations with respect to each of the variables which can be proved similarly to Proposi-
tion 2.

Proposition 4 Let f be VV-integrable on R = (a, b] x (¢, d] and suppose that the single in-
tegral I (x) = fcd f(x, y)Vay exists for each x € [a, b). Then the iterated integral fah I (x)Vx

exists, and
b d
f/ f(x,y)leszzf le/ [, y)Vay.
R a c

In the next subsection, we can define AV-integral over [a, b) X (c, d] by using partitions
consisting of subrectangles of the form [«, 8) x (y, §].

3.3 Riemann AV-Integrals
Riemann AV-integrals can be defined similarly to Riemann A A-integrals as following.

Definition 11 The first order partial nabla derivatives of f : T; x T, — R at a point
(x0, Yo) € (T1), x (T2), are defined to be

af (xo, yo) _ lim S (o1 (x0), yo) — f (x, yo)
Ax x—>x0.x701 (x0) o1 (x9) — x ’

of (xo, yo) _ lim S (x0, 02 (Y0)) — f (x0, )
Vaoy Y=30.y#02(30) P2 (yo) —y .

Then, we define the following mixed derivatives obtained by combining both delta and nabla
differentiations

A])CVQ_)/ a A])C sz

Next, we define the double Riemann AV-integrals (which will be called by AV-
integrals) over regions T x T, and present some properties of it over rectangles. Suppose
a < b are points in Ty, ¢ < d are points in Ty, [a, b) is the half-closed bounded interval in
T, and (c, d] is the half-closed bounded interval in T,.

Let us introduce a AV-rectangle in T; x T, by Rav = [a,b) x (c,d] ={(t,s) : t €
la,b),s € (c,d]}. Let

Pf0y) D <af<x,y>)

{x0,x1,...,x,} Cla,b], wherea=xy<x;<---<x,=b

and

{(vo, y1, ...} Cle,d]l, wherec=yy <y <--- <y =d.
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We call the collection of intervals Py = {[x;_;,x;) : 1 <i <n} a A-partition of [a, b) and
denote the set of all A-partitions of [a, b) by Pa([a, b)). Similarly, the collection of intervals
P ={(yi—1,y:]: 1 <i <k} 1is called a V-partition of (c, d] and the set of all V-partitions of
(c, d] is denoted by Py ((c, d]). Set

Rijz[x,-,l,xi)x (yjfl,yj], wherelfifn, jflfk

We call the collection Pay ={R;; : 1 <i <n,1 < j <k}a AV-partition of R,v, generated
by the A-partition Py = {[x;_1, x;) : 1 <i <n} and V-partition P, = {(y;—_1, yi1: 1 < j <k}
of [a, b) and (c, d], respectively, and write Py = P; x P,. The rectangles R;;, 1 <i <n,
1 < j <k, are called the subrectangles of the partition P. The set of all AV-partitions of
Rav is denoted by Pav(R).

We denote by (Pa)s([a, b)) the set of all P; € Pa([a, b)) that possess the property indi-
cated in Lemma 1. Similarly, we define (Py);s((c, d]) to be the set of all P, € Py ((c, d]) that
possess the property indicated in Lemma 2. Further, by (Pav)s(R) we denote the set of all
Pry € Pav(R) such that Py = P; x P, where Py € (Pa)s([a, b)) and P, € (Py)s([c, d)).

Definition 12 Let f be a bounded function on R and P € P,y (R) be given as above. In
each rectangle R;; with 1 <i <n,1 < j <k, choose an arbitrary point (&;;, n;;) and form
the sum

n k
S= Z Zf (875 mij) i = xim0) (v = j-1)-
i=1 j=1
We call S a Riemann AV-sum of f corresponding to P € Pav(R).
Definition 13 We say that f is Riemann AV-integrable over R if there exists a number
I with the following property: For each ¢ > O there exists § > 0 such that |[S — I| < ¢ for
every Riemann AV-sum S of f corresponding to any P € (Pav)s(R) independent of the

way in which we choose (&;;, ;j) € R;j for1 <i <n, 1 < j <k.The number [ is the double
Riemann AV-integral of f over R, denoted by

// fx, y)A1xVay.
R

We write I =limg_,( S.

Proposition 5 (Linearity) Let f, g be AV-integrable functions on R = [a, b) x (c,d] and
let a, B € R. Then

// [af(x,y)+ﬂg(x,y)]A1szyZa// f(x,y)chsz-i-ﬂ// g(x, y)A1xVay.
R R R

An effective way for evaluating AV-integrals is to reduce them to iterated (successive)
integrations with respect to each of the variables which can be proved similarly to Proposi-
tion 2.

Proposition 6 Let f be AV-integrable on R = [a, b) x (¢, d] and suppose that the single in-
tegral I (x) = fcd f(x, y)Vay exists for each x € [a, b). Then the iterated integral fab I(x)Vx
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486 W. Liu et al.

b d
// f(x,y>A1xvzy=f Alx/ . y)Vay.
R a c

3.4 Riemann V A-Integrals

exists, and

Riemann V A-integrals which is denoted by

// S, »)VixAgy
R

can be defined similarly to Riemann AV-integrals where R is a V A-rectangle of the form
(a,b] x [c,d). We omit it in details.

4 Ostrowski’s Inequality on time Scales for Double Integrals

In this section, we suppose that

(a) T is a time scale, a < b are points in T};
(b) T, is a time scale, ¢ < d are points in T.

4.1 Ostrowski’s Inequality for Double Integrals via A A-Integral

We first derive the following Ostrowski type inequality on time scales for double integrals
via A A-integral.

Theorem 4 Let x,t € Ty, y,s € T2 and f : [a,b] x [c,d] — R be such that the partial

Af(t.s)  of(ts) 9%f(1.s)

AL Agy» Bosayr CXist and are continuous on [a, b] X [c, d]. Then

derivatives

1 b d
’f(x,)’)—m/a /; fo1(t),02(s)) A1t Ass

< () e 5)) + 2 (ha(y.0) 4 oy )
“b—a d—c
b () ) (k.0 Fhand) @

(b—a)d—rc)

forall (x,y) €la,b] x[c,d], where
af (t, af(t, 3 f (1,
M= sup | LED o [0 s (2L
a<t<b Alt c<s<d AZS a<t<b,c<s<d AZSAlt

To prove Theorem 4, we need the following two Lemmas. This is partly motivated by the
ideas of Dragomir et al. in [13].

Lemma 3 (Montgomery Identity, see [8]) Let o, B,u,z €T, o < B and g : [, B] —> R be
differentiable. Then

8 B
gw) = L f g7 (@DAz+ L / k(u,2)g%(2)Az, ®))
:3 —a Jy ﬂ — o Jy

@ Springer



Ostrowski Type Inequalities on Time Scales for Double Integrals 487

where

—o, a<z<u,
—-B, usz=<p.

b4
k(u,z)=
(u,2) { p
Lemma 4 Under the assumptions of Theorem 4, we have

1 b d
flx,y)= m/ / fo1(),02(s)) At Ass

(4
/ / 3f(t, z(f))AltAzs
(b —a)(d —0) Aqt

| b 8f (1(1). )
+(b—a>(d—c)/a/c‘“y’s) Ay 1A

1 / / px,1)q \) 4f(t’S)A tAss 6
(b —a)(d —C) a c ( ’ ) (y’ ) AzSAlt ! 2 ( )
Whe’e

t—a, a<t<x,
t—b, x<t<b,

s—c¢, c<s<y,

p(x,t):{ s—d, y<s<d.

q(y,S)={

Proof Applying Lemma 3 for the partial delta map f (-, y), y € [c, d], we obtain

1 b arf(t,
flx,y)= —/ f@ @) y)Mit+— p(m)—ff D At %)
— 1t

for all (x,y) € [a,b] x [c,d]. Also, if we apply Lemma 3 for the partial delta map
f(o1(), ), t €[a, b], we obtain

1 e 1 af (o1(1), 5)
flo(®),y) = d_/ flo1(t), 02(5)) Ans + —/ q(y,s)————Ass  (8)
—cJ. d—cJ. Ass

for all (¢, y) € [a, b] X [c, d]. Applying the same Lemma 3 for the partial delta map B-’;(lt [) ,
we have

3 7 1 d a i l d 82 ,
Fit,y) / G Gm)AZ”E/L O LA AUL) N

At T d-—c ¢ At Ars At

for all (¢, y) € [a, b] X [c, d]. Substituting (8) and (9) in (7), we have
flx,y)= —/ [ / f(o1(1), o2(s)) Ans

. / 8f(ol(i) ON ]M

1 b 1 43f(t, 02(s5))
+b—a/a p(x’t)[d—c/C Ayt Aas
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d 2
a°f(t,s)
e —— ,8)————Aps At
+d—c j q(y,s) ArsArl 28 [Ay

1 b pd
- m/ / fo1(1), 02(s)) Art Ass

1 P afei().s)
+(b—a>(d—c)L/CQ(y’s) Ay LA

af(t 02(s))
(b—a)(d_c) / f 1t A][Azs
1 f(t,s)
+m/a / p(x,t)q(y,S)mAlmzs,
i.e. (6) holds. -

If we apply Lemma 4 to the discrete and continuous cases, we have the following results.

Corollary 1 (Continuous case) Let T = T, = R. Then our delta integral is the usual Rie-
mann integral from calculus. Then

b d
S, y) = / @, s)dtds

(b—a)d—o) /a

1 " 3f( 5)
Famaaa ], | e s

1 b d af(
Famaaa ], | e s

—/ f px.0q(y,s)——— zf( Laras
(b—a)d—o) ’

which is exactly the integral identity shown in Theorem 2 of [13].

Corollary 2 (Discrete case) Let T1 =Ty =Z,a=0,b=n,c=0,d=m,x =i,y =,
t=k,s=I,and f(p,q) =x,y,. Then

Xiyj = # DD mv+ # YD plydn + ﬁ Y > aG. DAy,

k=1 I=1 k=1 I=1 k=1 I=1

1 n m
— i k)q (i D) Axe Ay,
+— ) Pl kgG DAxAY,

k=1 I=1

where
p(i,0)=0
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p(lL,ky=k—n, forl<k<n-—1;
pn,k)=k, forO<k<n-1;

k, 0<k<i,
k) = =<
Pl {k—n, i<k<n-—1,

and
q(j,0)=0
qgl,)=1—n, for1<l<m-—1;
qgm,)=1, forO<l<m-—1;

1, 0<l<j,
al - -
0.0 = {1— m, j<l<m-—1.

Corollary 3 (Quantum calculus case) Let T| = qFIO and T, = qu " with q, > 1 and q, > 1.
Suppose a =q{,b =gqi,c =q§,d =qéfors0me i<jandk <I.Then

j—1 r s
DY) kqlqu(q gt

f(41 ,612
Zr =i ql Zs:k q2
i—1 =1 F@ T g = gt g5t moor
n Z;j:i Zs:k( l (2,,171)41 =2 )r(qy', q1)

-1
Zr =i ql Zs:k q2Y

i—1 -1 @ g™ = r @ a3 .
PO D C g (45, 43)

(@2—Dgq5
Zr i ql ZS kq2
-1, £@ s ™= ) astH=F g+ £ ) a3) N s
Z Yk TR o )p4r’, 919435 43)

-1
Zr =i ql Zs:k qg

Proof of Theorem 4 By applying Lemma 4, we can state that

‘f(XJ) m/ / f(o1(t), 02(s)) At Azs
/ / 2 02(Y))A A
(b—a)(d—c) At nee
1 Af (1(1), 5)
+(b—a)(d—c)fa / L e

1 bord 9211, )
+m/ﬂ fc p(x,t)q(y,s)mmmzs

1 [ af (1, 02(s)s)
Sm/;/;lp(x,m‘TA

1t As
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1 b 8f (@1(1). 5)
+mf / Iq(y,s)l‘T At Ass

! Prs)
+mf/|p(x NDllg(y, s)l NYYNT AtAss

M, [? M,
<— Ip(x,t)lAltJr — Iq(y,S)lAzs
b—a d—cJ,

W/ |p(x, t)IAlt/ lg(y, $)|Ass

for all (x, y) € [a, b] X [c, d]. By a simple calculation we get

X b
|p(x t)|A1t_/ |t—a|A1t+/ [t — b| Ayt

/(t—a)Alt-l-/ b—1)At

= hao(x,a) + hy(x,b)
and
d
f lg(y, $)|Azs = hy(y, c) + ha(y, d).

Therefore, we obtain (4). O

If we apply the Ostrowski type inequality for double integrals to different time scales, we
will get some well-known and some new results.

Corollary 4 (Continuous case) Let Ty = T, = R. Then our delta integral is the usual Rie-
mann integral from calculus. Hence,

f— )2
hz(t,s):( ZS) , forall t,s eR.

This leads us to obtain exactly the Ostrowski type inequality for double integrals shown in
Theorem 2.

Corollary 5 (Discrete case) Let T =T =%Z,a=0,b=n,c=0,d=m,x=i,y=],
t=k,s=1,and f(p,q) =x,y,. With these, it is known that

hi (t,s) = (t;S), forall t,s € Z.

Therefore,

hz(x,a):<;>=i(i2_1),

hy (x, b) = (i”%%v

@ Springer



Ostrowski Type Inequalities on Time Scales for Double Integrals 491

and

N
moo=(])=192,

. . 1
hz(y,d)=<J 2m>=(1 m)(]2 m ).

Thus, we have

1 n m
Xiyj — % szkyl

k=1 i=1
<M1 . n+12+n2—1 +M2 . m+12+m2—1
matly b F 72 _r-
= 2 4 m \[!” 2 4
M3, n—l—l2 n?—1 m—i—l2 m?—1
— 1 |i j — ——— 10
* o (‘ 2 |t A N B (19
foralli:l,_nandj =1, m, where
M, = max |Ax|, M, = max |Ay], M; = max |Axi Ay;l.
I<k<n—1 I<l<m-—1 I<k<n—1,1<l<m—1

Corollary 6 (Quantum calculus case) Let T| = qlN" and T, = qé\l " withq, > 1 and ¢, > 1.
Suppose a = q{, b=g,c= q’z‘, d= qéfor some i < j and k < 1. In this situation, one has

hy (¢, v)_l_[z q’s , forall t,seT.
=

0d
Therefore,
hy(x.a) = (q7' ‘h)(ql l+1)
) T4 )
PO el D1C et/ M)
' L+q
and
(g5 — 45)(q5 —g5*")
hy(y,c) =
2(y, 0) I+
(45 — b)) (a5 —ay™)
hy(y,d
2(y,d) = 1+
Then
Flamah Zfllz_kqlqu@“,qé“)
19

Zr i ql Zx:k q2
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Ml @ —aD @ — g™ + @ —a)) g — g
Zr —i 41 I+a
LM (@ — 4@ — 5™ + (¢4 — D) (gh — av™)
Y a I+q
M, [(q:"—qiqu —gi"™+ @ — gDl —al™)
Y LY I+q

L@ —a)@ -+ @ - - qé“)}

1+¢
where
m+1 m n+1 n
_ , t, — f(,
M= sup VACIY)) f,iq' s) ’ My, = sup ft.q57) fs 93) ’
i<m<j—1 (611 - 1)q1 k<n<l—1 (6]2 - 1)£]2
and
m+1 n+] m n+| m+1
My = sup Sl a) — flay's f(C{n i 43) + flai", q3)
i<m<j—1, k<n<l—1 (41 - 1)(‘12 - 1)41 q2

Remark 2 We note that in the special case, if f(x, y) in Theorem 4 does not depend on y,
we get back the Ostrowski inequality (3) on (one-variable) time scales.

4.2 Ostrowski’s Inequality for Double Integrals via V V-Integral

By a completely analogous method, we can derive the following similar result via VV-
integral. This would be interesting, since the calculus on time scales via V derivatives seem
to have many interesting application [2, 3, 24].

Theorem 5 Let x,t € Ty, y,s € T and f :[a,b] X [c,d] — R be such that the partial

af(t.s)  Af(t,s)  9%f(t.s)

derivatives Vi Vs Vvit

exist and are continuous on [a, b] x [c, d]. Then

b d
‘f(x,y) - . f / F(or(0), p2(5) V1t Vs
_C) a c

(b -

M M
= (B @+ b0 0) + = (p O+ ()

= : 2(x, b)) J h(y.d 11
= (e @+ @ h) (00 + R0 d) (D

forall (x,y) €la,b] x [c,d], where

af(t,s)
Vit

af(t,s)

2f(t,s)
st '

M, = su
VosVit

a<t<b

R M, = su

c<s<d

) Mz = sup

a<t<b,c<s<d

In fact, to prove Theorem 5, we need the following two Lemmas which can be proved
similarly to Lemmas 3 and 4.
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Lemma 5 (Montgomery Identity) Let o, B,u,z € T,a < f and g : [a, B] — R be differen-
tiable. Then

1 B 1 B
)= —— / SVt / k(. 28" )V, (12)
/3—0[ o ,B—Ol o
where
_Jz—a, a<z<u,
k(”’Z)_{z—ﬁ, u<z<§p.

Lemma 6 Under the assumptions of Theorem S, we have

1 b d
flx,y)= m/ / f(oi1(t), p2(s)) Vit Vas
// 3f(f ,02(5))
(b—a)(d—c)
/[ af(,Ol(l) S)
(b—a)(d—c)
1 ad ,
+m/ / p(x,t)q(y,s)%vlt%s, (13)
where
_ft—a, a<t<x, _s—c, c<s<y,
p(x’t)_[t—b, x <t <b, Q(y’s)_{s—d, y<s<d.

4.3 Ostrowski’s Inequality for Double Integrals via V A-Integral

By a completely analogous method, we can derive the following similar result via VA-
integral.

Theorem 6 Let x,t € Ty, y,s € T, and f :[a,b] X [c,d] — R be such that the partial

Af(t.s)  Af(t.s) 9%f(t.s)
Vit ? Ays 0 Aasvit

derivatives exist and are continuous on [a, b] x [c, d]. Then

b pd
’f(x,y)— —c)f / F(o1(1), 02()) Vit Aps

(b—a)d

M M
<y (P @+ bt )+ 7 (0.0 + i)

M ' h(x. b)) (h ha(y.d 14
+m(12(x,a)+12(x, ))( 2(y, 0) + ha(y, )) (14)

forall (x,y) €la,b] x [c,d], where

af(t,s)
Vit

af(t,s)

2f(t,s)
AQS '

M, = su
ArsVit

a<t<b

s M, = su

c<s<d

, M; = sup

a<t<b,c<s<d

In fact, to prove Theorem 6, we need the following two Lemma.
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Lemma 7 Under the assumptions of Theorem 6, we have

1 b d
flx,y) = m/ / fp1(t), 02(s)) Vit Ays

af(/ol(t) )
(b—a)(d—o// Ty e

af(r )
(b—a)(d—c>/ / Ay A

! , R AGTI N s
*o=aa=al, [ PLDI L gy Ve (1)
where

t—a, a<t<x,
t—b, x<t<b,

—Cc, Cc=<s<y,

Proof Applying Lemma 5 for the partial delta map f (-, y), y € [c, d], we obtain
af(,y)
Vit

1 b 1 b
e =5 [ rewowies 2 w0 ae)
b—al, b—al,
for all (x,y) € [a,b] x [c,d]. Also, if we apply Lemma 3 for the partial delta map
f(oi1(1), "), t €la, b], we obtain

1 1o af (p1(1),5)
(@), y)=——1[ f(o1(®),02(8)Axs + —— [ q(y,s)———As (I7)
d—c ). d—c, Ars
; ; af(.)
for ﬁll (t,y) €la, b] x [c,d]. Applying the same Lemma 3 for the partial delta map Vltt ,
we have

fa,y) 1 /"afa,cn(s))m+ I /d( CRAGED
Vit _d—C ¢ Vit . d—c a4 A,sVit

AQS (18)

for all (¢, y) € [a, b] X [c, d]. Substituting (18) and (17) in (16), we have

1 bro1 d
flx,y) = b—/ [—/ flo1(1), 02(5)) Ass
—a d—c /.

+ / 3f(Pl(f) S) ]Vlt
1 1 af(t, 02(5))
b—a p(x’t)[d—c/ Vit

92
+_/ e f( S) ]Vlt

1
=m/ / F(p1(2), 02(8)) Vit Ars

// 3f(,01(t) )y
(b—a)(d— c)
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/ [ 3f(l, Z(S))VltAzs
(b—a)(d—f) Vit
N 1 f / . af(t,s)VtA
(b—a)(d—c) , . p(xs )q(yvs) Azsvll 1 25,
i.e. (15) holds. 0

4.4 Ostrowski’s Inequality for Double Integrals via A V-Integral

By a completely analogous method, we can derive the following similar result via AV-
integral.

Theorem 7 Let x,t € Ty, y,s € T and f :[a,b] X [c,d] — R be such that the partial

Af(t.s)  Af(ts)  9%f(1.s)

derivatives AL s VA

exist and are continuous on [a, b] x [c, d]. Then

//f(m(t) P2(5)) A1t Vas
9)

’f(x»y)_(b Cl)(d

M M
< ﬁ(hz(x,a) +h2(X,b)) + ﬁ(h()’» c) _|_j2(y,d))

M
+m(hz(x,a)+h2(x,b))(j2(y,c)-|—j2(y’d)) (19)

forall (x,y) €la,b] x[c,d], where

af(t,s)
Aqt

af(t,s)
VQS

2 f(t,s)

M, = su ZJ
! P Vas At

a<t<b

R M, = sup

c<s<d

R M5 = sup

a<t<b,c<s<d

In fact, to prove Theorem 7, we need the following lemma which can be proved similarly
to Lemma 7.

Lemma 8 Under the assumptions of Theorem 7, we have

flx,y)= m/ / fo1(®), p2(s)) A1t Vs

// af(m(t) ) A v
28
(b—a)(d 9) Ayt

// 3f(t pz(S))
(b—a)(d— )

52
m[ [ P09y, 85)— f( S)AltVQS, (20)
where

t—a, a<t<ux, s—c, c<s<y,

p(x’t)={f—b, x<t=b, Q(y’s)z{s—d, y=<s=d.
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5 Further Works

The theory and applications of dynamic derivatives which are a linear combination of delta
and nabla dynamic derivatives on the (one-variable) time scales have recently received con-
siderable attention [14, 33-35]. We hope that we can develop a similar double Riemann
<{-integrals on time scales, which will be our further work.

One can obtain some similar results by combining all AA-, AV-, VA-and V V-integrals,
although such results are very complicated and are less interesting than Theorems 4—7. How-
ever, on the left hand side of (4), the function f contains forward jump operator while in
other situations (see (11), (14) and (19)), f contains backward jump operator. Therefore,
our approach cannot deduce to the double <>-integral directly. Maybe we can achieve it by
deriving a new Montgomery Identity instead of Lemma 3. This will also be our further work.
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