
Acta Appl Math (2010) 110: 477–497
DOI 10.1007/s10440-009-9456-y

Ostrowski Type Inequalities on Time Scales for Double
Integrals
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Abstract In this paper we first derive an Ostrowski type inequality on time scales for dou-
ble integrals via ��-integral which unify corresponding continuous and discrete versions.
We then replace the ��-integral by the ∇∇-, �∇-, and ∇�-integrals and get completely
analogous results.
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1 Introduction

In 1938, Ostrowski [27] proved the following interesting integral inequality which has re-
ceived considerable attention from many researchers [11, 12, 21, 22, 25, 26, 32].

Theorem 1 Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b) whose
derivative function f ′ : (a, b) → R is bounded on (a, b), i.e., ‖f ′‖∞ = supt∈(a,b) |f ′(t)| < ∞.
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for all x ∈ [a, b].

In [13], Dragomir et al. proved the following Ostrowski type inequality for double inte-
grals.

Theorem 2 Let f : [a, b] × [c, d] → R be such that the partial derivatives ∂f (t,s)
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for all (x, y) ∈ [a, b] × [c, d].

The development of the theory of time scales was initiated by Hilger [15] in 1988 as
a theory capable to contain both difference and differential calculus in a consistent way.
Since then, many authors have studied certain integral inequalities or dynamic equations on
time scales [1, 7, 8, 16, 28–31, 36]. In [8], Bohner and Matthews established the following
so-called Ostrowski inequality on time scales which was later generalized by the present
authors [18–20, 23].

Theorem 3 (See [8], Theorem 3.5) Let a, b, x, t ∈ T, a < b and f : [a, b] → R be differen-
tiable. Then
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h2(x, a) + h2(x, b)
)

, (3)

where M = supa<x<b |f �(x)| (see Definition 3 below for h2(·, ·)). This inequality is sharp
in the sense that the right-hand side of (3) can’t be replaced by a smaller one.

In the present paper, we shall first generalize the above Ostrowski inequality on time
scales for double integrals via ��-integral which unify corresponding continuous and dis-
crete versions. We then replace the ��-integral by the ∇∇-, �∇-, and ∇�-integrals and
get completely analogous results.

This paper is organized as follows. In Sect. 2, we give a brief introduction into the
(one-variable) time scales theory. In Sect. 3, we recall in brief the so-called Riemann ��-
integrals and develop Riemann ∇∇-integrals, Riemann �∇-integrals and Riemann ∇�-
integrals. In Sect. 4, we first present an Ostrowski inequality on time scales for double
integrals via ��-integral, then get completely analogous results via the ∇∇-, �∇-, and
∇�-integrals. In the last section, we indicate our further works on deducing our results to
the double ♦-integral.
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2 The One-Variable Time Scales Theory

Now we briefly introduce the (one-variable) time scales theory and refer the reader to Hilger
[15] and the books [9, 10, 17] for further details.

A time scale T is an arbitrary nonempty closed subset of real numbers. For t ∈ T, we
define the forward jump operator σ : T → T by σ(t) = inf{s ∈ T : s > t} if t 
= sup T,
and σ(sup T) = supT, while the backward jump operator ρ : T → T is defined by ρ(t) =
sup{s ∈ T : s < t} if t 
= inf T, and σ(inf T) = inf T. If σ(t) > t , then we say that t is right-
scattered, while if ρ(t) < t then we say that t is left-scattered. Points that are right-scattered
and left-scattered at the same time are called isolated. If σ(t) = t , t is called right-dense,
and if ρ(t) = t then t is called left-dense. Points that are right-dense and left-dense at the
same time are called dense. Let t ∈ T, then two mappings μ,ν : T → [0,+∞) satisfying
μ(t) := σ(t) − t , (t) := t − ρ(t) are called forward and backward graininess functions,
respectively.

We now introduce the set T
κ , Tκ and T

κ
κ , which are derived from the time scales T as

follows. If T has a left-scattered maximum t1, then T
κ := T−{t1}, otherwise T

κ := T. If
T has a right-scattered minimum t2, then Tκ := T−{t2}, otherwise Tκ := T. Finally, we
define T

κ
κ = T

κ ∩Tκ . Given a function f : T → R, we define the function f σ : T → R by
f σ (t) = f (σ(t)) for all t ∈ T and define the function f ρ : T → R by f ρ(t) = f (ρ(t)) for
all t ∈ T.

Let f : T → R be a function on time scales. Then for t ∈ T
κ , we define f �(t) to be

the number, if one exists, such that for all ε > 0 there is a neighborhood U of t (i.e., U =
(t − δ, t + δ) ∩ T, for some δ > 0) such that for all s ∈ U

∣
∣f σ (t) − f (s) − f �(t) (σ (t) − s)

∣
∣ ≤ ε |σ(t) − s| .

We say that f is �-differentiable on T
κ provided f �(t) exists for all t ∈ T

κ . Similarly, for
t ∈ Tκ , we define f ∇(t) to be the number, if one exists, such that for all ε > 0 there is a
neighborhood V of t (i.e., V = (t − δ, t + δ) ∩ T, for some δ > 0 ) such that for all s ∈ V

∣
∣f ρ(t) − f (s) − f ∇(t) (ρ(t) − s)

∣
∣ ≤ ε |ρ(t) − s| .

We say that f is ∇-differentiable on Tκ provided f ∇(t) exists for all t ∈ Tκ .
A function f : T → R is called rd-continuous, provided it is continuous at all right-dense

points in T and its left-sided limits exist at all left-dense points in T.
A function f : T → R is called ld-continuous, provided it is continuous at all left-dense

points in T and its right-sided limits exist at all right-dense points in T.

Definition 1 A function F : T → R is called a �-antiderivative of f : T → R provided
F �(t) = f (t) holds for all t ∈ T

κ . Then the �-integral of f is defined by

∫ b

a

f (t)�t = F (b) − F (a) .

Definition 2 A function G : T → R is called a ∇-antiderivative of g : T → R provided
G∇(t) = g(t) holds for all t ∈ Tκ . Then the ∇-integral of g is defined by

∫ b

a

g (t)∇t = G(b) − G(a) .
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Definition 3 Let hk : T
2 → R, k ∈ N0 be defined by

h0 (t, s) = 1 for all s, t ∈ T

and then recursively by

hk+1 (t, s) =
∫ t

s

hk (τ, s)�τ for all s, t ∈ T .

Definition 4 Let jk : T
2 → R, k ∈ N0 be defined by

j0 (t, s) = 1 for all s, t ∈ T

and then recursively by

jk+1 (t, s) =
∫ t

s

jk (τ, s)∇τ for all s, t ∈ T .

3 The Two-Variable Time Scales Theory

The two-variable time scales calculus and multiple integration on time scales were intro-
duced in [4, 5] (see also [6]). Let T1 and T2 be two given time scales and put T1 × T2 =
{(x, y) : x ∈ T1, y ∈ T2}, which is a complete metric space with the metric d defined by

d
(

(x, y) ,
(

x ′, y ′)) =
√

(x − x ′)2 + (y − y ′)2, ∀ (x, y) ,
(

x ′, y ′) ∈ T1 × T2.

For a given δ > 0, the δ-neighborhood Uδ(x0, y0) of a given point (x0, y0) ∈ T1 × T2 is the
set of all points (x, y) ∈ T1 × T2 such that d((x, y), (x0, y0)) < δ. Let σ1, ρ1 and σ2, ρ2 be
the forward jump and backward jump operators in T1 and T2, respectively.

In the first part of this section, followed from [5], we recall in brief the so-called Riemann
��-integrals. Then followed by a note in [5] (see also in [6]), we develop Riemann ∇∇-
integrals, Riemann �∇-integrals and Riemann ∇�-integrals.

3.1 Riemann ��-Integrals

In this subsection, we will recall the so-called double delta integrals from [5, Sects. 2 and 3].

Definition 5 The first order partial delta derivatives of f : T1 ×T2 → R at a point (x0, y0) ∈
T

κ
1 × T

κ
2 are defined to be

∂f (x0, y0)

�1x
= lim

x→x0,x 
=σ1(x0)

f (σ1 (x0) , y0) − f (x, y0)

σ1 (x0) − x
,

∂f (x0, y0)

�2y
= lim

y→y0,y 
=σ2(y0)

f (x0, σ2 (y0)) − f (x0, y)

σ2 (y0) − y
.

Then, the authors defined the second order partial derivatives

∂2f (x, y)

�1x2
= ∂

�1x

(
∂f (x, y)

�1x

)

and
∂2f (x, y)

�2y�1x
= ∂

�2y

(
∂f (x, y)

�1x

)

.
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Next, we recall the so-called double Riemann �-integrals (which will be denoted by ��-
integrals) over regions T1 × T2 and present some properties of it over rectangles. Suppose
a < b are points in T1, c < d are points in T2, [a, b) is the half-closed bounded interval in
T1, and [c, d) is the half-closed bounded interval in T2.

Let us introduce a ��-rectangle in T1 × T2 by R�� = [a, b) × [c, d) = {(t, s) : t ∈
[a, b), s ∈ [c, d)}. Let

{x0, x1, . . . , xn} ⊂ [a, b] , where a = x0 < x1 < · · · < xn = b

and

{y0, y1, . . . , yk} ⊂ [c, d] , where c = y0 < y1 < · · · < yk = d.

We call the collection of intervals P1 = {[xi−1, xi) : 1 ≤ i ≤ n} a �-partition of [a, b) and
denote the set of all �-partitions of [a, b) by P�([a, b)). Similarly, the collection of intervals
P2 = {[yi−1, yi) : 1 ≤ i ≤ k} is called a �-partition of [c, d) and the set of all �-partitions of
[c, d) is denoted by P�([c, d)). Set

Rij = [xi−1, xi) × [yj−1, yj ), where 1 ≤ i ≤ n, j ≤ 1 ≤ k.

We call the collection P�� = {Rij : 1 ≤ i ≤ n,1 ≤ j ≤ k} a ��-partition of R��, generated
by the �-partition P1 = {[xi−1, xi) : 1 ≤ i ≤ n} and �-partition P2 = {[yi−1, yi) : 1 ≤ j ≤ k}
of [a, b) and [c, d), respectively, and write P�� = P1 × P2. The rectangles Rij , 1 ≤ i ≤ n,
1 ≤ j ≤ k, are called the subrectangles of the partition P��. The set of all ��-partitions of
R�� is denoted by P��(R).

We need the following auxiliary result. See [10, Lemma 5.7] for the proof.

Lemma 1 For any δ > 0 there exists at least one P1 ∈ P�([a, b)) generated by a set
{x0, x1, . . . , xn} ⊂ [a, b], where a = x0 < x1 < · · · < xn = b so that for each i ∈ {1,2, . . . , n}
either xi − xi−1 � δ or xi − xi−1 > δ and σ1(xi−1) = xi .

We denote by (P�)δ([a, b)) the set of all P1 ∈ P�([a, b)) that possess the property
indicated in Lemma 1. Similarly, we define (P�)δ([c, d)). Further, by (P��)δ(R) we de-
note the set of all P�� ∈ P��(R) such that P�� = P1 × P2 where P1 ∈ (P�)δ([a, b)) and
P2 ∈ (P�)δ([c, d)).

Definition 6 Let f be a bounded function on R and P ∈ P��(R) be given as above. In
each rectangle Rij with 1 ≤ i ≤ n,1 ≤ j ≤ k, choose an arbitrary point (ξij , ηij ) and form
the sum

S =
n

∑

i=1

k
∑

j=1

f
(

ξij , ηij

)

(xi − xi−1)
(

yj − yj−1

)

.

We call S a Riemann ��-sum of f corresponding to P ∈ P��(R).

Definition 7 We say that f is Riemann ��-integrable over R if there exists a number I

with the following property: For each ε > 0 there exists δ > 0 such that |S − I | < ε for every
Riemann ��-sum S of f corresponding to any P ∈ (P��)δ(R) independent of the way in
which we choose (ξij , ηij ) ∈ Rij for 1 ≤ i ≤ n,1 ≤ j ≤ k. The number I is the Riemann
��-integral of f over R, denoted by
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∫∫

R

f (x, y)�1x�2y.

We write I = limδ→0 S.

It is worth recalling from [5, Theorems 3.4 and 3.10] the following propositions.

Proposition 1 (Linearity) Let f,g be ��-integrable functions on R = [a, b) × [c, d) and
let α,β ∈ R. Then

∫∫

R

[αf (x, y) + βg(x, y)]�1x�2y = α

∫∫

R

f (x, y)�1x�2y + β

∫∫

R

g(x, y)�1x�2y.

An effective way for evaluating multiple integrals is to reduce them to iterated (succes-
sive) integrations with respect to each of the variables.

Proposition 2 Let f be ��-integrable on R = [a, b) × [c, d) and suppose that the sin-
gle integral I (x) = ∫ d

c
f (x, y)�2y exists for each x ∈ [a, b). Then the iterated integral

∫ b

a
I (x)�1x exists, and

∫∫

R

f (x, y)�1x�2y =
∫ b

a

�1x

∫ d

c

f (x, y)�2y.

Remark 1 The notation �� means that we take the first � as the differentiation of the first
variable of function under the integral sign and then we take the second � as the differenti-
ation of the second variable of function under the integral sign. In the following parts of this
section, for example, by �∇-integral, we mean that we take the first � as the differentiation
of the first variable of function under the integral sign and then we take the second ∇ as the
differentiation of the second variable of function under the integral sign.

3.2 Riemann ∇∇-Integrals

Riemann ∇∇-integrals can be defined similarly to Riemann ��-integrals as following.

Definition 8 The first order partial nabla derivatives of f : T1 ×T2 → R at a point (x0, y0) ∈
(T1)κ × (T2)κ are defined to be

∂f (x0, y0)

∇1x
= lim

x→x0,x 
=ρ1(x0)

f (ρ1 (x0) , y0) − f (x, y0)

ρ1 (x0) − x
,

∂f (x0, y0)

∇2y
= lim

y→y0,y 
=ρ2(y0)

f (x0, ρ2 (y0)) − f (x0, y)

ρ2 (y0) − y
.

Then, we define the second order partial nabla derivatives as follows

∂2f (x, y)

∇1x2
= ∂

∇2x

(
∂f (x, y)

∇1x

)

and
∂2f (x, y)

∇2y∇1x
= ∂

∇2y

(
∂f (x, y)

∇1x

)

.

Next, we define the double Riemann ∇∇-integrals (which will be called by ∇∇-
integrals) over regions T1 × T2 and present some properties of it over rectangles. Suppose



Ostrowski Type Inequalities on Time Scales for Double Integrals 483

a < b are points in T1, c < d are points in T2, (a, b] is the half-closed bounded interval in
T1, and (c, d] is the half-closed bounded interval in T2.

Let us introduce a ∇∇-rectangle in T1 × T2 by R∇∇ = (a, b] × (c, d] = {(t, s) : t ∈
(a, b], s ∈ (c, d]}. Let

{x0, x1, . . . , xn} ⊂ [a, b] , where a = x0 < x1 < · · · < xn = b

and

{y0, y1, . . . , yk} ⊂ [c, d] , where c = y0 < y1 < · · · < yk = d.

We call the collection of intervals P1 = {(xi−1, xi] : 1 ≤ i ≤ n} a ∇-partition of (a, b] and
denote the set of all ∇-partitions of (a, b] by P∇((a, b]). Similarly, the collection of intervals
P2 = {(yi−1, yi] : 1 ≤ i ≤ k} is called a ∇-partition of (c, d] and the set of all ∇-partitions of
(c, d] is denoted by P∇((c, d]). Set

Rij = (

xi−1, xi

] × (

yj−1, yj

]

, where 1 ≤ i ≤ n, j ≤ 1 ≤ k.

We call the collection P∇∇ = {Rij : 1 ≤ i ≤ n,1 ≤ j ≤ k} a ∇∇-partition of R∇∇ , generated
by the ∇-partition P1 = {(xi−1, xi] : 1 ≤ i ≤ n} and ∇-partition P2 = {(yi−1, yi] : 1 ≤ j ≤ k}
of (a, b] and (c, d], respectively, and write P∇∇ = P1 × P2. The rectangles Rij , 1 ≤ i ≤ n,
1 ≤ j ≤ k, are called the subrectangles of the partition P . The set of all ∇∇-partitions of
R∇∇ is denoted by P∇∇(R).

Similar to Lemma 1, we obtain the following lemma.

Lemma 2 For any δ > 0 there exists at least one P1 ∈ P∇((a, b]) generated by a set
{x0, x1, . . . , xn} ⊂ [a, b], where a = x0 < x1 < · · · < xn = b so that for each i ∈ {1,2, . . . , n}
either xi − xi−1 � δ or xi − xi−1 > δ and ρ1(xi) = xi−1.

We denote by (P∇)δ((a, b]) the set of all P1 ∈ P∇((a, b]) that possess the property
indicated in Lemma 2. Similarly, we define (P∇)δ((c, d]). Further, by (P∇∇)δ(R) we de-
note the set of all P∇∇ ∈ P∇∇(R) such that P∇∇ = P1 × P2 where P1 ∈ (P∇)δ((a, b]) and
P2 ∈ (P∇)δ((c, d]).

Definition 9 Let f be a bounded function on R and P ∈ P∇∇(R) be given as above. In each
rectangle Rij with 1 ≤ i ≤ n,1 ≤ j ≤ k, choose an arbitrary point (ξij , ηij ) and form the
sum

S =
n

∑

i=1

k
∑

j=1

f
(

ξij , ηij

)

(xi − xi−1)
(

yj − yj−1

)

.

We call S a Riemann ∇∇-sum of f corresponding to P ∈ P∇∇(R).

Definition 10 We say that f is Riemann ∇∇-integrable over R if there exists a number
I with the following property: For each ε > 0 there exists δ > 0 such that |S − I | < ε for
every Riemann ∇∇-sum S of f corresponding to any P ∈ (P∇∇)δ(R) independent of the
way in which we choose (ξij , ηij ) ∈ Rij for 1 ≤ i ≤ n,1 ≤ j ≤ k. The number I is the double
Riemann ∇-integral of f over R, denoted by

∫∫

R

f (x, y)∇1x∇2y.

We write I = limδ→0 S.
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Similarly to Proposition 1, we obtain

Proposition 3 (Linearity) Let f,g be ∇∇-integrable functions on R = (a, b] × (c, d] and
let α,β ∈ R. Then

∫∫

R

[αf (x, y) + βg(x, y)]∇1x∇2y = α

∫∫

R

f (x, y)∇1x∇2y + β

∫∫

R

g(x, y)∇1x∇2y.

An effective way for evaluating ∇∇-integrals is to reduce them to iterated (successive)
integrations with respect to each of the variables which can be proved similarly to Proposi-
tion 2.

Proposition 4 Let f be ∇∇-integrable on R = (a, b]×(c, d] and suppose that the single in-
tegral I (x) = ∫ d

c
f (x, y)∇2y exists for each x ∈ [a, b). Then the iterated integral

∫ b

a
I (x)∇x

exists, and
∫∫

R

f (x, y)∇1x∇2y =
∫ b

a

∇1x

∫ d

c

f (x, y)∇2y.

In the next subsection, we can define �∇-integral over [a, b)× (c, d] by using partitions
consisting of subrectangles of the form [α,β) × (γ, δ].

3.3 Riemann �∇-Integrals

Riemann �∇-integrals can be defined similarly to Riemann ��-integrals as following.

Definition 11 The first order partial nabla derivatives of f : T1 × T2 → R at a point
(x0, y0) ∈ (T1)κ × (T2)κ are defined to be

∂f (x0, y0)

�1x
= lim

x→x0,x 
=σ1(x0)

f (σ1 (x0) , y0) − f (x, y0)

σ1 (x0) − x
,

∂f (x0, y0)

∇2y
= lim

y→y0,y 
=ρ2(y0)

f (x0, ρ2 (y0)) − f (x0, y)

ρ2 (y0) − y
.

Then, we define the following mixed derivatives obtained by combining both delta and nabla
differentiations

∂2f (x, y)

�1x∇2y
= ∂

�1x

(
∂f (x, y)

∇2y

)

.

Next, we define the double Riemann �∇-integrals (which will be called by �∇-
integrals) over regions T1 × T2 and present some properties of it over rectangles. Suppose
a < b are points in T1, c < d are points in T2, [a, b) is the half-closed bounded interval in
T1, and (c, d] is the half-closed bounded interval in T2.

Let us introduce a �∇-rectangle in T1 × T2 by R�∇ = [a, b) × (c, d] = {(t, s) : t ∈
[a, b), s ∈ (c, d]}. Let

{x0, x1, . . . , xn} ⊂ [a, b] , where a = x0 < x1 < · · · < xn = b

and

{y0, y1, . . . , yk} ⊂ [c, d] , where c = y0 < y1 < · · · < yk = d.
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We call the collection of intervals P1 = {[xi−1, xi) : 1 ≤ i ≤ n} a �-partition of [a, b) and
denote the set of all �-partitions of [a, b) by P�([a, b)). Similarly, the collection of intervals
P2 = {(yi−1, yi] : 1 ≤ i ≤ k} is called a ∇-partition of (c, d] and the set of all ∇-partitions of
(c, d] is denoted by P∇((c, d]). Set

Rij = [

xi−1, xi

) × (

yj−1, yj

]

, where 1 ≤ i ≤ n, j ≤ 1 ≤ k.

We call the collection P�∇ = {Rij : 1 ≤ i ≤ n,1 ≤ j ≤ k} a �∇-partition of R�∇ , generated
by the �-partition P1 = {[xi−1, xi) : 1 ≤ i ≤ n} and ∇-partition P2 = {(yi−1, yi] : 1 ≤ j ≤ k}
of [a, b) and (c, d], respectively, and write P�∇ = P1 × P2. The rectangles Rij , 1 ≤ i ≤ n,
1 ≤ j ≤ k, are called the subrectangles of the partition P . The set of all �∇-partitions of
R�∇ is denoted by P�∇(R).

We denote by (P�)δ([a, b)) the set of all P1 ∈ P�([a, b)) that possess the property indi-
cated in Lemma 1. Similarly, we define (P∇)δ((c, d]) to be the set of all P2 ∈ P∇((c, d]) that
possess the property indicated in Lemma 2. Further, by (P�∇)δ(R) we denote the set of all
P�∇ ∈ P�∇(R) such that P�∇ = P1 × P2 where P1 ∈ (P�)δ([a, b)) and P2 ∈ (P∇)δ([c, d)).

Definition 12 Let f be a bounded function on R and P ∈ P�∇(R) be given as above. In
each rectangle Rij with 1 ≤ i ≤ n,1 ≤ j ≤ k, choose an arbitrary point (ξij , ηij ) and form
the sum

S =
n

∑

i=1

k
∑

j=1

f
(

ξij , ηij

)

(xi − xi−1)
(

yj − yj−1

)

.

We call S a Riemann �∇-sum of f corresponding to P ∈ P�∇(R).

Definition 13 We say that f is Riemann �∇-integrable over R if there exists a number
I with the following property: For each ε > 0 there exists δ > 0 such that |S − I | < ε for
every Riemann �∇-sum S of f corresponding to any P ∈ (P�∇)δ(R) independent of the
way in which we choose (ξij , ηij ) ∈ Rij for 1 ≤ i ≤ n,1 ≤ j ≤ k. The number I is the double
Riemann �∇-integral of f over R, denoted by

∫∫

R

f (x, y)�1x∇2y.

We write I = limδ→0 S.

Proposition 5 (Linearity) Let f,g be �∇-integrable functions on R = [a, b) × (c, d] and
let α,β ∈ R. Then

∫∫

R

[αf (x, y) + βg(x, y)]�1x∇2y = α

∫∫

R

f (x, y)�1x∇2y + β

∫∫

R

g(x, y)�1x∇2y.

An effective way for evaluating �∇-integrals is to reduce them to iterated (successive)
integrations with respect to each of the variables which can be proved similarly to Proposi-
tion 2.

Proposition 6 Let f be �∇-integrable on R = [a, b)×(c, d] and suppose that the single in-
tegral I (x) = ∫ d

c
f (x, y)∇2y exists for each x ∈ [a, b). Then the iterated integral

∫ b

a
I (x)∇x
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exists, and
∫∫

R

f (x, y)�1x∇2y =
∫ b

a

�1x

∫ d

c

f (x, y)∇2y.

3.4 Riemann ∇�-Integrals

Riemann ∇�-integrals which is denoted by
∫∫

R

f (x, y)∇1x�2y

can be defined similarly to Riemann �∇-integrals where R is a ∇�-rectangle of the form
(a, b] × [c, d). We omit it in details.

4 Ostrowski’s Inequality on time Scales for Double Integrals

In this section, we suppose that

(a) T1 is a time scale, a < b are points in T1;
(b) T2 is a time scale, c < d are points in T2.

4.1 Ostrowski’s Inequality for Double Integrals via ��-Integral

We first derive the following Ostrowski type inequality on time scales for double integrals
via ��-integral.

Theorem 4 Let x, t ∈ T1, y, s ∈ T2 and f : [a, b] × [c, d] → R be such that the partial

derivatives ∂f (t,s)

�1t
,

∂f (t,s)

�2s
,

∂2f (t,s)

�2s�1t
exist and are continuous on [a, b] × [c, d]. Then

∣
∣
∣
∣
∣
f (x, y) − 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (σ1(t), σ2(s))�1t�2s

∣
∣
∣
∣
∣

≤ M1

b − a

(

h2(x, a) + h2(x, b)
)

+ M2

d − c

(

h2(y, c) + h2(y, d)
)

+ M3

(b − a)(d − c)

(

h2(x, a) + h2(x, b)
)(

h2(y, c) + h2(y, d)
)

(4)

for all (x, y) ∈ [a, b] × [c, d], where

M1 = sup
a<t<b

∣
∣
∣
∣

∂f (t, s)

�1t

∣
∣
∣
∣
, M2 = sup

c<s<d

∣
∣
∣
∣

∂f (t, s)

�2s

∣
∣
∣
∣
, M3 = sup

a<t<b,c<s<d

∣
∣
∣
∣

∂2f (t, s)

�2s�1t

∣
∣
∣
∣
.

To prove Theorem 4, we need the following two Lemmas. This is partly motivated by the
ideas of Dragomir et al. in [13].

Lemma 3 (Montgomery Identity, see [8]) Let α,β,u, z ∈ T, α < β and g : [α,β] → R be
differentiable. Then

g(u) = 1

β − α

∫ β

α

gσ (z)�z + 1

β − α

∫ β

α

k(u, z)g�(z)�z, (5)



Ostrowski Type Inequalities on Time Scales for Double Integrals 487

where

k(u, z) =
{

z − α, α ≤ z < u,

z − β, u ≤ z ≤ β.

Lemma 4 Under the assumptions of Theorem 4, we have

f (x, y) = 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (σ1(t), σ2(s))�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (t, σ2(s))

�1t
�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (σ1(t), s)

�2s
�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

�2s�1t
�1t�2s, (6)

where

p(x, t) =
{

t − a, a ≤ t < x,

t − b, x ≤ t ≤ b,
q(y, s) =

{

s − c, c ≤ s < y,

s − d, y ≤ s ≤ d.

Proof Applying Lemma 3 for the partial delta map f (·, y), y ∈ [c, d], we obtain

f (x, y) = 1

b − a

∫ b

a

f (σ1(t), y)�1t + 1

b − a

∫ b

a

p(x, t)
∂f (t, y)

�1t
�1t (7)

for all (x, y) ∈ [a, b] × [c, d]. Also, if we apply Lemma 3 for the partial delta map
f (σ1(t), ·), t ∈ [a, b], we obtain

f (σ1(t), y) = 1

d − c

∫ d

c

f (σ1(t), σ2(s))�2s + 1

d − c

∫ d

c

q(y, s)
∂f (σ1(t), s)

�2s
�2s (8)

for all (t, y) ∈ [a, b] × [c, d]. Applying the same Lemma 3 for the partial delta map ∂f (t,·)
�1t

,
we have

∂f (t, y)

�1t
= 1

d − c

∫ d

c

∂f (t, σ2(s))

�1t
�2s + 1

d − c

∫ d

c

q(y, s)
∂2f (t, s)

�2s�1t
�2s (9)

for all (t, y) ∈ [a, b] × [c, d]. Substituting (8) and (9) in (7), we have

f (x, y) = 1

b − a

∫ b

a

[
1

d − c

∫ d

c

f (σ1(t), σ2(s))�2s

+ 1

d − c

∫ d

c

q(y, s)
∂f (σ1(t), s)

�2s
�2s

]

�1t

+ 1

b − a

∫ b

a

p(x, t)

[
1

d − c

∫ d

c

∂f (t, σ2(s))

�1t
�2s
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+ 1

d − c

∫ d

c

q(y, s)
∂2f (t, s)

�2s�1t
�2s

]

�1t

= 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (σ1(t), σ2(s))�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (σ1(t), s)

�2s
�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (t, σ2(s))

�1t
�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

�2s�1t
�1t�2s,

i.e. (6) holds. �

If we apply Lemma 4 to the discrete and continuous cases, we have the following results.

Corollary 1 (Continuous case) Let T1 = T2 = R. Then our delta integral is the usual Rie-
mann integral from calculus. Then

f (x, y) = 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (t, s)dtds

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (t, s)

∂t
dtds

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (t, s)

∂s
dtds

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

∂t∂s
dtds,

which is exactly the integral identity shown in Theorem 2 of [13].

Corollary 2 (Discrete case) Let T1 = T2 = Z, a = 0, b = n, c = 0, d = m, x = i, y = j ,
t = k, s = l, and f (p,q) = xpyq . Then

xiyj = 1

mn

n
∑

k=1

m
∑

l=1

xkyl + 1

mn

n
∑

k=1

m
∑

l=1

p(i, k)yl�xk + 1

mn

n
∑

k=1

m
∑

l=1

q(j, l)xk�yl

+ 1

mn

n
∑

k=1

m
∑

l=1

p(i, k)q(j, l)�xk�yl,

where

p(i,0) = 0,
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p(1, k) = k − n, for 1 ≤ k ≤ n − 1;
p(n, k) = k, for 0 ≤ k ≤ n − 1;

p(i, k) =
{

k, 0 ≤ k < i,

k − n, i ≤ k ≤ n − 1,

and

q(j,0) = 0;
q(1, l) = l − n, for 1 ≤ l ≤ m − 1;
q(m, l) = l, for 0 ≤ l ≤ m − 1;

q(j, l) =
{

l, 0 ≤ l < j,

l − m, j ≤ l ≤ m − 1.

Corollary 3 (Quantum calculus case) Let T1 = q
N0
1 and T2 = q

N0
2 with q1 > 1 and q2 > 1.

Suppose a = qi
1, b = q

j

1 , c = qk
2 , d = ql

2 for some i < j and k < l. Then

f (qm
1 , qn

2 ) =
∑j−1

r=i

∑l−1
s=k qr

1q
s
2f (qr+1

1 , qs+1
2 )

∑j−1
r=i qr

1

∑l−1
s=k qs

2

+
∑j−1

r=i

∑l−1
s=k(

f (qr+1
1 ,qs+1

2 )−f (qr
1 ,qs+1

2 )

(q1−1)qr
1

)p(qm
1 , qr

1)

∑j−1
r=i qr

1

∑l−1
s=k qs

2

+
∑j−1

r=i

∑l−1
s=k(

f (qr+1
1 ,qs+1

2 )−f (qr+1
1 ,qs

2)

(q2−1)qs
2

)q(qn
2 , qs

2)

∑j−1
r=i qr

1

∑l−1
s=k qs

2

+
∑j−1

r=i

∑l−1
s=k(

f (qr+1
1 ,qs+1

2 )−f (qr
1 ,qs+1

2 )−f (qr+1
1 ,qs

2)+f (qr
1 ,qs

2)

(q1−1)(q2−1)qr
1qs

2
)p(qm

1 , qr
1)q(qn

2 , qs
2)

∑j−1
r=i qr

1

∑l−1
s=k qs

2

.

Proof of Theorem 4 By applying Lemma 4, we can state that

∣
∣
∣
∣
∣
f (x, y) − 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (σ1(t), σ2(s))�1t�2s

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣

1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (t, σ2(s))

�1t
�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (σ1(t), s)

�2s
�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

�2s�1t
�1t�2s

∣
∣
∣
∣

≤ 1

(b − a)(d − c)

∫ b

a

∫ d

c

|p(x, t)|
∣
∣
∣
∣

∂f (t, σ2(s)s)

�1t

∣
∣
∣
∣
�1t�2s
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+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

|q(y, s)|
∣
∣
∣
∣

∂f (σ1(t), s)

�2s

∣
∣
∣
∣
�1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

|p(x, t)||q(y, s)|
∣
∣
∣
∣

∂2f (t, s)

�2s�1t

∣
∣
∣
∣
�1t�2s

≤ M1

b − a

∫ b

a

|p(x, t)|�1t + M2

d − c

∫ d

c

|q(y, s)|�2s

+ M3

(b − a)(d − c)

∫ b

a

|p(x, t)|�1t

∫ d

c

|q(y, s)|�2s

for all (x, y) ∈ [a, b] × [c, d]. By a simple calculation we get

∫ b

a

|p(x, t)|�1t =
∫ x

a

|t − a|�1t +
∫ b

x

|t − b|�1t

=
∫ x

a

(t − a)�1t +
∫ b

x

(b − t)�1t

= h2(x, a) + h2(x, b)

and
∫ d

c

|q(y, s)|�2s = h2(y, c) + h2(y, d).

Therefore, we obtain (4). �

If we apply the Ostrowski type inequality for double integrals to different time scales, we
will get some well-known and some new results.

Corollary 4 (Continuous case) Let T1 = T2 = R. Then our delta integral is the usual Rie-
mann integral from calculus. Hence,

h2 (t, s) = (t − s)2

2
, for all t, s ∈ R.

This leads us to obtain exactly the Ostrowski type inequality for double integrals shown in
Theorem 2.

Corollary 5 (Discrete case) Let T1 = T2 = Z, a = 0, b = n, c = 0, d = m, x = i, y = j ,
t = k, s = l, and f (p,q) = xpyq . With these, it is known that

hk (t, s) =
(

t − s

k

)

, for all t, s ∈ Z.

Therefore,

h2 (x, a) =
(

i

2

)

= i (i − 1)

2
,

h2 (x, b) =
(

i − n

2

)

= (i − n) (i − n − 1)

2
,
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and

h2 (y, c) =
(

j

2

)

= j (j − 1)

2
,

h2 (y, d) =
(

j − m

2

)

= (j − m)(j − m − 1)

2
.

Thus, we have
∣
∣
∣
∣
∣
xiyj − 1

mn

n
∑

k=1

m
∑

l=1

xkyl

∣
∣
∣
∣
∣

≤ M1

n

(∣
∣
∣
∣
i − n + 1

2

∣
∣
∣
∣

2

+ n2 − 1

4

)

+ M2

m

(∣
∣
∣
∣
j − m + 1

2

∣
∣
∣
∣

2

+ m2 − 1

4

)

+ M3

mn

(∣
∣
∣
∣
i − n + 1

2

∣
∣
∣
∣

2

+ n2 − 1

4

)(∣
∣
∣
∣
j − m + 1

2

∣
∣
∣
∣

2

+ m2 − 1

4

)

(10)

for all i = 1, n and j = 1,m, where

M1 = max
1≤k≤n−1

|�xk|, M2 = max
1≤l≤m−1

|�yl|, M3 = max
1≤k≤n−1,1≤l≤m−1

|�xk�yl|.

Corollary 6 (Quantum calculus case) Let T1 = q
N0
1 and T2 = q

N0
2 with q1 > 1 and q2 > 1.

Suppose a = qi
1, b = q

j

1 , c = qk
2 , d = ql

2 for some i < j and k < l. In this situation, one has

hk (t, s) =
k−1
∏

ν=0

t − qνs
∑ν

μ=0 qμ
, for all t, s ∈ T .

Therefore,

h2(x, a) = (qm
1 − qi

1)(q
m
1 − qi+1

1 )

1 + q1
,

h2(x, b) = (qm
1 − q

j

1 )(qm
1 − q

j+1
1 )

1 + q1
,

and

h2(y, c) = (qn
2 − qk

2 )(qn
2 − qk+1

2 )

1 + q2
,

h2(y, d) = (qn
2 − ql

2)(q
n
2 − ql+1

2 )

1 + q2
.

Then
∣
∣
∣
∣
∣
f (qm

1 , qn
2 ) −

∑j−1
r=i

∑l−1
s=k qr

1q
s
2f (qr+1

1 , qs+1
2 )

∑j−1
r=i qr

1

∑l−1
s=k qs

2

∣
∣
∣
∣
∣
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≤ M1
∑j−1

r=i qr
1

(qm
1 − qi

1)(q
m
1 − qi+1

1 ) + (qm
1 − q

j

1 )(qm
1 − q

j+1
1 )

1 + q1

+ M2
∑l−1

s=k qs
2

(qn
2 − qk

2 )(qn
2 − qk+1

2 ) + (qn
2 − ql

2)(q
n
2 − ql+1

2 )

1 + q2

+ M3
∑j−1

r=i qr
1

∑l−1
s=k qs

2

[
(qm

1 − qi
1)(q

m
1 − qi+1

1 ) + (qm
1 − q

j

1 )(qm
1 − q

j+1
1 )

1 + q1

× (qn
2 − qk

2 )(qn
2 − qk+1

2 ) + (qn
2 − ql

2)(q
n
2 − ql+1

2 )

1 + q2

]

,

where

M1 = sup
i<m<j−1

∣
∣
∣
∣
∣

f (qm+1
1 , s) − f (qm

1 , s)

(q1 − 1)qm
1

∣
∣
∣
∣
∣
, M2 = sup

k<n<l−1

∣
∣
∣
∣
∣

f (t, qn+1
2 ) − f (t, qn

2 )

(q2 − 1)qn
2

∣
∣
∣
∣
∣
,

and

M3 = sup
i<m<j−1, k<n<l−1

∣
∣
∣
∣
∣

f (qm+1
1 , qn+1

2 ) − f (qm
1 , qn+1

2 ) − f (qm+1
1 , qn

2 ) + f (qm
1 , qn

2 )

(q1 − 1)(q2 − 1)qm
1 qn

2

∣
∣
∣
∣
∣
.

Remark 2 We note that in the special case, if f (x, y) in Theorem 4 does not depend on y,
we get back the Ostrowski inequality (3) on (one-variable) time scales.

4.2 Ostrowski’s Inequality for Double Integrals via ∇∇-Integral

By a completely analogous method, we can derive the following similar result via ∇∇-
integral. This would be interesting, since the calculus on time scales via ∇ derivatives seem
to have many interesting application [2, 3, 24].

Theorem 5 Let x, t ∈ T1, y, s ∈ T2 and f : [a, b] × [c, d] → R be such that the partial

derivatives ∂f (t,s)

∇1t
,

∂f (t,s)

∇2s
,

∂2f (t,s)

∇2s∇1t
exist and are continuous on [a, b] × [c, d]. Then

∣
∣
∣
∣
∣
f (x, y) − 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (ρ1(t), ρ2(s))∇1t∇2s

∣
∣
∣
∣
∣

≤ M1

b − a

(

j2(x, a) + j2(x, b)
)

+ M2

d − c

(

j2(y, c) + j2(y, d)
)

+ M3

(b − a)(d − c)

(

j2(x, a) + j2(x, b)
)(

j2(y, c) + j2(y, d)
)

(11)

for all (x, y) ∈ [a, b] × [c, d], where

M1 = sup
a<t<b

∣
∣
∣
∣

∂f (t, s)

∇1t

∣
∣
∣
∣
, M2 = sup

c<s<d

∣
∣
∣
∣

∂f (t, s)

∇2s

∣
∣
∣
∣
, M3 = sup

a<t<b,c<s<d

∣
∣
∣
∣

∂2f (t, s)

∇2s∇1t

∣
∣
∣
∣
.

In fact, to prove Theorem 5, we need the following two Lemmas which can be proved
similarly to Lemmas 3 and 4.
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Lemma 5 (Montgomery Identity) Let α,β,u, z ∈ T, α < β and g : [α,β] → R be differen-
tiable. Then

g(u) = 1

β − α

∫ β

α

gρ(z)∇z + 1

β − α

∫ β

α

k(u, z)g∇(z)∇z, (12)

where

k(u, z) =
{

z − α, α ≤ z < u,

z − β, u ≤ z ≤ β.

Lemma 6 Under the assumptions of Theorem 5, we have

f (x, y) = 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (ρ1(t), ρ2(s))∇1t∇2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (t, ρ2(s))

∇1t
∇1t∇2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (ρ1(t), s)

∇2s
∇1t∇2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

∇2s∇1t
∇1t∇2s, (13)

where

p(x, t) =
{

t − a, a ≤ t < x,

t − b, x ≤ t ≤ b,
q(y, s) =

{

s − c, c ≤ s < y,

s − d, y ≤ s ≤ d.

4.3 Ostrowski’s Inequality for Double Integrals via ∇�-Integral

By a completely analogous method, we can derive the following similar result via ∇�-
integral.

Theorem 6 Let x, t ∈ T1, y, s ∈ T2 and f : [a, b] × [c, d] → R be such that the partial

derivatives ∂f (t,s)

∇1t
,

∂f (t,s)

�2s
,

∂2f (t,s)

�2s∇1t
exist and are continuous on [a, b] × [c, d]. Then

∣
∣
∣
∣
∣
f (x, y) − 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (ρ1(t), σ2(s))∇1t�2s

∣
∣
∣
∣
∣

≤ M1

b − a

(

j2(x, a) + j2(x, b)
)

+ M2

d − c

(

h2(y, c) + h2(y, d)
)

+ M3

(b − a)(d − c)

(

j2(x, a) + j2(x, b)
)(

h2(y, c) + h2(y, d)
)

(14)

for all (x, y) ∈ [a, b] × [c, d], where

M1 = sup
a<t<b

∣
∣
∣
∣

∂f (t, s)

∇1t

∣
∣
∣
∣
, M2 = sup

c<s<d

∣
∣
∣
∣

∂f (t, s)

�2s

∣
∣
∣
∣
, M3 = sup

a<t<b,c<s<d

∣
∣
∣
∣

∂2f (t, s)

�2s∇1t

∣
∣
∣
∣
.

In fact, to prove Theorem 6, we need the following two Lemma.
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Lemma 7 Under the assumptions of Theorem 6, we have

f (x, y) = 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (ρ1(t), σ2(s))∇1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (ρ1(t), s)

∇1t
∇1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (t, σ2(s))

�2s
∇1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

�2s∇1t
∇1t�2s, (15)

where

p(x, t) =
{

t − a, a ≤ t < x,

t − b, x ≤ t ≤ b,
q(y, s) =

{

s − c, c ≤ s < y,

s − d, y ≤ s ≤ d.

Proof Applying Lemma 5 for the partial delta map f (·, y), y ∈ [c, d], we obtain

f (x, y) = 1

b − a

∫ b

a

f (ρ1(t), y)∇1t + 1

b − a

∫ b

a

p(x, t)
∂f (t, y)

∇1t
∇1t (16)

for all (x, y) ∈ [a, b] × [c, d]. Also, if we apply Lemma 3 for the partial delta map
f (ρ1(t), ·), t ∈ [a, b], we obtain

f (ρ1(t), y) = 1

d − c

∫ d

c

f (ρ1(t), σ2(s))�2s + 1

d − c

∫ d

c

q(y, s)
∂f (ρ1(t), s)

�2s
�2s (17)

for all (t, y) ∈ [a, b] × [c, d]. Applying the same Lemma 3 for the partial delta map ∂f (t,·)
∇1t

,
we have

∂f (t, y)

∇1t
= 1

d − c

∫ d

c

∂f (t, σ2(s))

∇1t
�2s + 1

d − c

∫ d

c

q(y, s)
∂2f (t, s)

�2s∇1t
�2s (18)

for all (t, y) ∈ [a, b] × [c, d]. Substituting (18) and (17) in (16), we have

f (x, y) = 1

b − a

∫ b

a

[
1

d − c

∫ d

c

f (ρ1(t), σ2(s))�2s

+ 1

d − c

∫ d

c

q(y, s)
∂f (ρ1(t), s)

�2s
�2s

]

∇1t

+ 1

b − a

∫ b

a

p(x, t)

[
1

d − c

∫ d

c

∂f (t, σ2(s))

∇1t
�2s

+ 1

d − c

∫ d

c

q(y, s)
∂2f (t, s)

�2s∇1t
�2s

]

∇1t

= 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (ρ1(t), σ2(s))∇1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (ρ1(t), s)

�2s
∇1t�2s
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+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (t, σ2(s))

∇1t
∇1t�2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

�2s∇1t
∇1t�2s,

i.e. (15) holds. �

4.4 Ostrowski’s Inequality for Double Integrals via �∇-Integral

By a completely analogous method, we can derive the following similar result via �∇-
integral.

Theorem 7 Let x, t ∈ T1, y, s ∈ T2 and f : [a, b] × [c, d] → R be such that the partial

derivatives ∂f (t,s)

�1t
,

∂f (t,s)

∇2s
,

∂2f (t,s)

∇2s�1t
exist and are continuous on [a, b] × [c, d]. Then

∣
∣
∣
∣
∣
f (x, y) − 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (σ1(t), ρ2(s))�1t∇2s

∣
∣
∣
∣
∣

≤ M1

b − a

(

h2(x, a) + h2(x, b)
)

+ M2

d − c

(

j2(y, c) + j2(y, d)
)

+ M3

(b − a)(d − c)

(

h2(x, a) + h2(x, b)
)(

j2(y, c) + j2(y, d)
)

(19)

for all (x, y) ∈ [a, b] × [c, d], where

M1 = sup
a<t<b

∣
∣
∣
∣

∂f (t, s)

�1t

∣
∣
∣
∣
, M2 = sup

c<s<d

∣
∣
∣
∣

∂f (t, s)

∇2s

∣
∣
∣
∣
, M3 = sup

a<t<b,c<s<d

∣
∣
∣
∣

∂2f (t, s)

∇2s�1t

∣
∣
∣
∣
.

In fact, to prove Theorem 7, we need the following lemma which can be proved similarly
to Lemma 7.

Lemma 8 Under the assumptions of Theorem 7, we have

f (x, y) = 1

(b − a)(d − c)

∫ b

a

∫ d

c

f (σ1(t), ρ2(s))�1t∇2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)
∂f (σ1(t), s)

�1t
�1t∇2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

q(y, s)
∂f (t, ρ2(s))

∇2s
�1t∇2s

+ 1

(b − a)(d − c)

∫ b

a

∫ d

c

p(x, t)q(y, s)
∂2f (t, s)

∇2s�1t
�1t∇2s, (20)

where

p(x, t) =
{

t − a, a ≤ t < x,

t − b, x ≤ t ≤ b,
q(y, s) =

{

s − c, c ≤ s < y,

s − d, y ≤ s ≤ d.
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5 Further Works

The theory and applications of dynamic derivatives which are a linear combination of delta
and nabla dynamic derivatives on the (one-variable) time scales have recently received con-
siderable attention [14, 33–35]. We hope that we can develop a similar double Riemann
♦-integrals on time scales, which will be our further work.

One can obtain some similar results by combining all ��-, �∇-, ∇�- and ∇∇-integrals,
although such results are very complicated and are less interesting than Theorems 4–7. How-
ever, on the left hand side of (4), the function f contains forward jump operator while in
other situations (see (11), (14) and (19)), f contains backward jump operator. Therefore,
our approach cannot deduce to the double ♦-integral directly. Maybe we can achieve it by
deriving a new Montgomery Identity instead of Lemma 3. This will also be our further work.
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26. Mitrinović, D.S., Pecarić, J., Fink, A.M.: Classical and New Inequalities in Analysis. Kluwer Academic,
Dordrecht (1993)

27. Ostrowski, A.M.: Über die Absolutabweichung einer differentiebaren Funktion von ihrem Integralmitel-
wert. Comment. Math. Helv. 10, 226–227 (1938)

28. Ozkan, U.M., Yildirim, H.: Ostrowski type inequality for double integrals on time scales. Acta Appl.
Math. (2009). doi:10.1007/s10440-008-9407-z

29. Ozkan, U.M., Yildirim, H.: Steffensen’s integral inequality on time scales. J. Inequal. Appl. 2007. Article
ID 46524, 10 p.

30. Ozkan, U.M., Yildirim, H.: Hardy-knopp-type inequalities on time scales. Dyn. Syst. Appl. 17, 477–486
(2008)

31. Ozkan, U.M., Sarikaya, M.Z., Yildirim, H.: Extensions of certain integral inequalities on time scales.
Appl. Math. Lett. 21, 993–1000 (2008)

32. Pachpatte, B.G.: On an inequality of Ostrowski type in three independent variables. J. Math. Anal. Appl.
249, 583–591 (2000)

33. Rogers Jr., J.W., Sheng, Q.: Notes on the diamond-α dynamic derivative on time scales. J. Math. Anal.
Appl. 326(1), 228–241 (2007)

34. Sheng, Q., Fadag, M., Henderson, J., Davis, J.M.: An exploration of combined dynamic derivatives on
time scales and their applications. Nonlinear Anal.: Real World Appl. 7(3), 395–413 (2008)

35. Sidi Ammi, M.R., Ferreira, R.A.C., Torres, D.F.M.: Diamond-α Jensen’s inequality on time scales. J. In-
equal. Appl. 2008 (2008). Article ID 576876, 13 p.

36. Wong, F.-H., Yu, S.-L., Yeh, C.-C.: Anderson’s inequality on time scales. Appl. Math. Lett. 19, 931–935
(2007)

http://dx.doi.org/10.1016/j.na.2008.11.035
http://dx.doi.org/10.1007/s10440-008-9407-z

	Ostrowski Type Inequalities on Time Scales for Double Integrals
	Abstract
	Introduction
	The One-Variable Time Scales Theory
	The Two-Variable Time Scales Theory
	Riemann DeltaDelta-Integrals
	Riemann -Integrals
	Riemann Delta-Integrals
	Riemann Delta-Integrals

	Ostrowski's Inequality on time Scales for Double Integrals
	 Ostrowski's Inequality for Double Integrals via DeltaDelta-Integral
	Ostrowski's Inequality for Double Integrals via -Integral
	Ostrowski's Inequality for Double Integrals via Delta-Integral
	 Ostrowski's Inequality for Double Integrals via Delta-Integral

	Further Works
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


