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1. Introduction

In 1938, Iyengar [18] proved the following interesting integral inequality which has received considerable attention from
many researchers [2,8–11,19].

Theorem 1. Let f be a differentiable function on (a,b) and assume that there is a constant M1 > 0 such that jf0(x)j < M1 for x 2 (a,b).
Then Z b

a
f ðxÞdx� 1

2
ðb� aÞðf ðaÞ þ f ðbÞÞ

�����
����� 6 M1ðb� aÞ2

4
� 1

4M1
ðf ðbÞ � f ðaÞÞ2: ð1Þ

Especially, the authors in [2,11] proved the following inequality involving bounded second-order derivatives.

Theorem 2. Let f 2 C2[a,b] and jf00(x)j 6M2. ThenZ b

a
f ðxÞdx� 1

2
ðb� aÞðf ðaÞ þ f ðbÞÞ þ 1

8
ðb� aÞ2ðf 0ðbÞ � f 0ðaÞÞ

�����
����� 6 M2

24
ðb� aÞ3 � jDj

M2

� �3
 !

; ð2Þ

where D = f0(a) � 2f0((a + b)/2) + f0(b).
In [12], Franjić et al. proved the following Iyengar-type inequality and show that it is always better than (2).

Theorem 3. Let f 2 C2[a,b] and jf00(x)j 6M2. Then

�M2

24
ðb� aÞ3 þM2

3
ðk3

a þ k3
bÞ 6

Z b

a
f ðxÞdx� 1

2
ðb� aÞðf ðaÞ þ f ðbÞÞ þ 1

8
ðb� aÞ2ðf 0ðbÞ � f 0ðaÞÞ

6
M2

24
ðb� aÞ3 �M2

3
b� a

2
� ka

� �3

þ b� a
2
� kb

� �3
" #

; ð3Þ
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where

ka ¼
1

2M2
f 0

aþ b
2

� �
� f 0ðaÞ

� �
þ b� a

4

and

kb ¼
1

2M2
f 0ðbÞ � f 0

aþ b
2

� �� �
þ b� a

4
:

The development of the theory of time scales was initiated by Hilger [13] in 1988 as a theory capable to contain both
difference and differential calculus in a consistent way. Since then, many authors have studied the theory of certain integral
inequalities on time scales. For example, we refer the reader to [1,6,7,15–17,20–22].

In the present paper we shall establish some new Iyengar-type inequalities on time scales for functions whose second
derivatives are bounded by using Steffensen’s inequality on time scales. Our results (see Theorems 6 and 7) extend the re-
sults in [2,11,12] to arbitrary time scales.

2. Time scales essentials

Now we briefly introduce the time scales theory and refer the reader to Hilger [13] and the books [4,5,14] for further
details.

Definition 1. A time scale T is an arbitrary nonempty closed subset of real numbers.

Definition 2. For t 2 T, we define the forward jump operator r : T! T by rðtÞ ¼ inffs 2 T : s > tg, while the backward jump
operator q : T! T is defined by qðtÞ ¼ supfs 2 T : s < tg:

In this definition, we put inf ; ¼ sup T (i.e. r(t) = t if T has a maximum t) and sup ; ¼ inf T (i.e. q(t) = t if T has a minimum
t), where ; denotes the empty set. If r(t) > t, then we say that t is right-scattered, while if q(t) < t then we say that t is left-
scattered. Points that are right-scattered and left-scattered at the same time are called isolated. If r(t) = t and t < sup T, then
t is called right-dense, and if q(t) = t and t > inf T, then t is called left-dense. Points that are both right-dense and left-dense
are called dense.

Definition 3. Let t 2 T, then two mappings l; m : T! ½0;þ1Þ satisfying

lðtÞ :¼ rðtÞ � t; mðtÞ :¼ t � qðtÞ

are called the graininess functions.
We now introduce the set Tj which is derived from the time scales T as follows. If T has a left-scattered maximum t, then

Tj :¼ T� ftg, otherwise Tj :¼ T. Furthermore for a function f :¼ T! R, we define the function f r : T! R by fr(t) = f(r(t))
for all t 2 T.

Definition 4. Let f : T! R be a function on time scales. Then for t 2 Tj, we define fD (t) to be the number, if one exists, such
that for all e > 0 there is a neighborhood U of t such that for all s 2 U

jf rðtÞ � f ðsÞ � f DðtÞðrðtÞ � sÞj 6 ejrðtÞ � sj:

We say that f is D-differentiable on Tj provided fD(t) exists for all t 2 Tj. We talk about the second derivative fDD provided fD

is differentiable on Tj2 ¼ ðTjÞj with derivative f DD ¼ ðf DÞD : Tj2 ! R.

Definition 5. A mapping f : T! R is called rd-continuous (denoted by Crd) provided if it satisfies

1. f is continuous at each right-dense point or maximal element of T.
2. The left-sided limit lims!t�f ðsÞ ¼ f ðt�Þ exists at each left-dense point t of T.

Remark 1. It follows from Theorem 1.74 of Bohner and Peterson [4] that every rd-continuous function has an anti-
derivative.

Definition 6. A function F : T! R is called a D-anti-derivative of f : T! R provided FD(t) = f(t) holds for all t 2 Tj. Then the
D-integral of f is defined byZ b

a
f ðtÞDt ¼ FðbÞ � FðaÞ:
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Proposition 4. Let f, g be rd-continuous, a; b; c 2 T and a; b 2 R. Then

(i)
R b

a ½af ðtÞ þ bgðtÞ�Dt ¼ a
R b

a f ðtÞDt þ b
R b

a gðtÞDt,

(ii)
R b

a f ðtÞDt ¼ �
R a

b f ðtÞDt,

(iii)
R b

a f ðtÞDt ¼
R c

a f ðtÞDt þ
R b

c f ðtÞDt,

(iv)
R b

a f ðtÞgDðtÞDt ¼ ðfgÞðbÞ � ðfgÞðaÞ �
R b

a f DðtÞgðrðtÞÞDt,

(v)
R a

a f ðtÞDt ¼ 0.

(vi) If f(t) P 0 for all a 6 t < b then
R b

a f ðtÞDt P 0.

Definition 7. Let hk : T2 ! R; k 2 N0 be defined by

h0ðt; sÞ ¼ 1 for all s; t 2 T

and then recursively by

hkþ1ðt; sÞ ¼
Z t

s
hkðs; sÞDs for all s; t 2 T:

Remark 2. It follows from Proposition 4(vi) that if s 6 t then hk+1(t,s) P 0 for all t; s 2 T and all k 2 N.

Remark 3. If we let hD
k ðt; sÞ denote the derivative of hk(t,s) with respect to t for each fixed s, then

hD
k ðt; sÞ ¼ hk�1ðt; sÞ; for k 2 N; t 2 Tj:

The following Steffensen’s inequality on time scales was established in [3].

Theorem 5 (Steffensen’s Inequality). Let a; b 2 Tj
j and F;G : ½a; b� ! R be integrable functions, with F decreasing and 0 6 G 6 1

on [a,b]. Assume k :¼
R b

a GðtÞDt such that b� k; aþ k 2 T. ThenZ b

b�k
FðtÞDt 6

Z b

a
FðtÞGðtÞDt 6

Z aþk

a
FðtÞDt: ð4Þ

Throughout this paper, we suppose that T is a time scale, a; b 2 T with a < b and an interval means the intersection of real
interval with the given time scale.

3. Iyengar-type inequalities on time scales

Our first result is embodied in the following.

Theorem 6. Let a; aþb
2 ; b 2 Tj and f : ½a; b� ! R be a twice differentiable function and f DD : ½a; b� \ Tj2 ! R is bounded, i.e.

�1 < m 6 f DDðtÞ 6 M < þ1; 8 t 2 ½a; b� \ Tj2
:

Then

ðM �mÞ sgn k� b� a
2

� �
h3 aþ k;

aþ b
2

� �
þ h3 a;

aþ b
2

� �� �
� Mh3 a;

aþ b
2

� �
�mh3 b;

aþ b
2

� �� �

6

Z b

a
f ðr2ðxÞÞDx� b� a

2
½f rðaÞ þ f rðbÞ� þ h2 b;

aþ b
2

� �
f DðbÞ � h2 a;

aþ b
2

� �
f DðaÞ

6 ðM �mÞ sgn k� b� a
2

� �
h3 b� k;

aþ b
2

� �
þ h3 b;

aþ b
2

� �� �
� Mh3 a;

aþ b
2

� �
�mh3 b;

aþ b
2

� �� �
; ð5Þ

where

k ¼ b� a
2
þ 1

M �m
f DðaÞ � 2f D aþ b

2

� �
þ f DðbÞ

� �
such that aþ k 2 T; b� k 2 T.

Proof. To prove our result, we shall use the Steffensen’s inequality on time scales. For this, let

FðxÞ ¼
h2 x; aþb

2

� �
x 2 a; aþb

2

	 �
;

�h2 x; aþb
2

� �
x 2 aþb

2 ; b
	 


;

(
ð6Þ

3246 W. Liu, Q.-A. Ngô / Applied Mathematics and Computation 216 (2010) 3244–3251



Author's personal copy

and

GðxÞ ¼
M�f DDðxÞ

M�m x 2 a; aþb
2

	 �
;

f DDðxÞ�m
M�m x 2 aþb

2 ; b
	 


:

8<
: ð7Þ

Thus it holds

0 6 GðxÞ 6 1

and

k ¼ 1
M �m

Z aþb
2

a
ðM � f DDðxÞÞDxþ

Z b

aþb
2

ðf DDðxÞ �mÞDx

" #
¼ b� a

2
þ 1

M �m
f DðaÞ � 2f D aþ b

2

� �
þ f DðbÞ

� �
:

Theorem 5 tells us thatZ b

b�k
FðxÞDx|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
a

6

Z b

a
FðxÞGðxÞDx 6

Z aþk

a
FðxÞDx|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
b

: ð8Þ

Two cases are possible:

(a) f DðaÞ � 2f D aþb
2

� �
þ f DðbÞ 6 0, and

(b) f DðaÞ � 2f D aþb
2

� �
þ f DðbÞ > 0.

Case (a). f DðaÞ � 2f Dðaþb
2 Þ þ f DðbÞ 6 0 implies k 6 b�a

2 and thus aþ k 6 aþb
2 6 b� k. The left and right term of inequality (4)

are:

a ¼
Z b

b�k
FðxÞDx ¼ �

Z b

b�k
h2 x;

aþ b
2

� �
Dx ¼ �

Z b

aþb
2

h2 x;
aþ b

2

� �
Dxþ

Z b�k

aþb
2

h2 x;
aþ b

2

� �
Dx

¼ �h3 b;
aþ b

2

� �
þ h3 b� k;

aþ b
2

� �
;

and

b ¼
Z aþk

a
FðxÞDx ¼

Z aþk

a
h2 x;

aþ b
2

� �
Dx ¼

Z aþb
2

a
h2 x;

aþ b
2

� �
Dx�

Z aþb
2

aþk
h2 x;

aþ b
2

� �
Dx

¼ �h3 a;
aþ b

2

� �
þ h3 aþ k;

aþ b
2

� �
:

Case (b). Here it holds that k > b�a
2 and thus b� k < aþb

2 < aþ k. A similar calculation gives

a ¼
Z b

b�k
FðxÞDx ¼ �

Z b

aþb
2

h2 x;
aþ b

2

� �
Dxþ

Z aþb
2

b�k
h2 x;

aþ b
2

� �
Dx ¼ �h3 b;

aþ b
2

� �
� h3 b� k;

aþ b
2

� �
;

and

b ¼
Z aþk

a
FðxÞDx ¼

Z aþb
2

a
h2 x;

aþ b
2

� �
Dx�

Z aþk

aþb
2

h2 x;
aþ b

2

� �
Dx ¼ �h3 a;

aþ b
2

� �
� h3 aþ k;

aþ b
2

� �
:

Thus, (8) implies that

sgn k� b� a
2

� �
h3 b� k;

aþ b
2

� �
þ h3 b;

aþ b
2

� �
P �

Z b

a
FðtÞGðtÞDt

P sgn k� b� a
2

� �
h3 aþ k;

aþ b
2

� �
þ h3 a;

aþ b
2

� �
: ð9Þ

Now, we only need to calculate the middle term in Stefenssen’s inequality. Obviously,

I ¼
Z b

a
FðtÞGðtÞDt ¼ 1

M �m

Z aþb
2

a
h2 x;

aþ b
2

� �
ðM � f DDðxÞÞDx�

Z b

aþb
2

h2 x;
aþ b

2

� �
ðf DDðxÞ �mÞDx

" #
:
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Using Proposition 4(iv) and Remark 3, we haveZ aþb
2

a
h2 x;

aþ b
2

� �
ðM � f DDðxÞÞDx ¼ M

Z aþb
2

a
h2 x;

aþ b
2

� �
Dx�

Z aþb
2

a
h2 x;

aþ b
2

� �
f DDðxÞDx

¼ �M
Z a

aþb
2

h2 x;
aþ b

2

� �
Dx� h2 x;

aþ b
2

� �
f DðxÞ

� �����
aþb

2

a

þ
Z aþb

2

a
h2 x;

aþ b
2

� �� �D

f Dðr xð ÞÞDx

¼ �Mh3 a;
aþ b

2

� �
þ h2 a;

aþ b
2

� �
f DðaÞ þ

Z aþb
2

a
h1 x;

aþ b
2

� �
f DðrðxÞÞDx:

By using Proposition 4(iv) and Remark 3 again, we obtainZ aþb
2

a
h1 x;

aþ b
2

� �
f DðrðxÞÞDx ¼ h1 x;

aþ b
2

� �
f ðrðxÞÞ

� �����
aþb

2

a

�
Z aþb

2

a
h1 x;

aþ b
2

� �� �D

f ðrðrðxÞÞÞDx

¼ �h1 a;
aþ b

2

� �
f ðrðaÞÞ �

Z aþb
2

a
h0 x;

aþ b
2

� �
f ðr2ðxÞÞDx

¼ �h1 a;
aþ b

2

� �
f ðrðaÞÞ �

Z aþb
2

a
f ðr2ðxÞÞDx ¼ b� a

2
f ðrðaÞÞ �

Z aþb
2

a
f ðr2ðxÞÞDx

which implies thatZ aþb
2

a
h2 x;

aþ b
2

� �
ðM � f DDðxÞÞDx ¼ �Mh3 a;

aþ b
2

� �
þ h2 a;

aþ b
2

� �
f DðaÞ þ b� a

2
f ðrðaÞÞ �

Z aþb
2

a
f ðr2ðxÞÞDx:

Similarly,

�
Z b

aþb
2

h2 x;
aþ b

2

� �
ðf DDðxÞ �mÞD ¼ mh3 b;

aþ b
2

� �
� h2 b;

aþ b
2

� �
f DðbÞ þ b� a

2
f ðrðbÞÞ �

Z b

aþb
2

f ðr2ðxÞÞDx:

Therefore,

I ¼
Z b

a
FðtÞGðtÞDt

¼ 1
M �m

�Mh3 a;
aþ b

2

� �
þ h2 a;

aþ b
2

� �
f DðaÞ þ b� a

2
f rðaÞ

�

�
Z aþb

2

a
f ðr2ðxÞÞDxþmh3 b;

aþ b
2

� �
� h2 b;

aþ b
2

� �
f DðbÞ þ b� a

2
f rðbÞ �

Z b

aþb
2

f ðr2ðxÞÞDx

#

¼ � 1
M �m

Z b

a
f ðr2ðxÞÞDx� b� a

2
½f rðaÞ þ f rðbÞ� þ h2 b;

aþ b
2

� �
f DðbÞ � h2 a;

aþ b
2

� �
f DðaÞ

(

þ Mh3 a;
aþ b

2

� �
�mh3 b;

aþ b
2

� �� ��
:

Thus, Z b

a
f ðr2ðxÞÞDx� b� a

2
½f rðaÞ þ f rðbÞ� þ h2 b;

aþ b
2

� �
f DðbÞ � h2 a;

aþ b
2

� �
f DðaÞ

¼ �ðM �mÞ
Z b

a
FðtÞGðtÞDt � Mh3 a;

aþ b
2

� �
�mh3 b;

aþ b
2

� �� �
which implies that

ðM �mÞ sgn k� b� a
2

� �
h3 aþ k;

aþ b
2

� �
þ h3 a;

aþ b
2

� �� �
� Mh3 a;

aþ b
2

� �
�mh3 b;

aþ b
2

� �� �

6

Z b

a
f ðr2ðxÞÞDx� b� a

2
½f rðaÞ þ f rðbÞ� þ h2 b;

aþ b
2

� �
f DðbÞ � h2 a;

aþ b
2

� �
f DðaÞ

6 ðM �mÞ sgn k� b� a
2

� �
h3 b� k;

aþ b
2

� �
þ h3 b;

aþ b
2

� �� �
� Mh3 a;

aþ b
2

� �
�mh3 b;

aþ b
2

� �� �
: ð10Þ

This proves the theorem. h
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Remark 4. If we apply the inequality (5) to different time scales, we can get some well-known and some new results. We
only give an example of the case T ¼ R here. The interested reader can investigate the case T ¼ Z; T ¼ qN0 (see also [15–
17]).

Corollary 1 (Continuous case). Let T ¼ R. Then it is known that

hkðt; sÞ ¼
ðt � sÞk

k!

for all t; s 2 R and all 1 6 k 2 N. Moreover,

k ¼ b� a
2
þ 1

M �m
f 0ðaÞ � 2f 0

aþ b
2

� �
þ f 0ðbÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D

2
6664

3
7775:

Thus, (5) reads

ðM �mÞ sgn k� b� a
2|fflfflfflfflfflffl{zfflfflfflfflfflffl}

1
M�mD

0
BBB@

1
CCCA h3 aþ k;

aþ b
2

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

1
M�mDð Þ3

6

þh3 a;
aþ b

2

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

ða�bÞ3
48

0
BBBBBB@

1
CCCCCCA� M h3 a;

aþ b
2

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

ða�bÞ3
48

�m h3 b;
aþ b

2

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

ðb�aÞ3
48

2
666664

3
777775

6

Z b

a
f ðr2ðxÞÞ|fflfflfflfflffl{zfflfflfflfflffl}

f ðxÞ

Dx� b� a
2
½f rðaÞ þ f rðbÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

f ðaÞþf ðbÞ

� þ h2 b;
aþ b

2

� �
f DðbÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðb�aÞ2
8 f 0 ðbÞ

�h2 a;
aþ b

2

� �
f DðaÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðb�aÞ2
8 f 0 ðaÞ

6 ðM �mÞ sgn k� b� a
2|fflfflfflfflfflffl{zfflfflfflfflfflffl}

1
M�mD

0
BBB@

1
CCCAh3 b� k;

aþ b
2

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�
1

M�m
Dð Þ3

6

þh3 b;
aþ b

2

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

ðb�aÞ3
48

0
BBBBBB@

1
CCCCCCA� M h3 a;

aþ b
2

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

ða�bÞ3
48

�m h3 b;
aþ b

2

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

ðb�aÞ3
48

2
666664

3
777775 ð11Þ

which implies

�M �m
6

b� a
2

� �3

� jDj
M �m

� �3
" #

� ðb� aÞ3

48
ðM þmÞ 6

Z b

a
f ðxÞdx� b� a

2
½f ðaÞ þ f ðbÞ� þ f 0ðbÞ � f 0ðaÞ

8
ðb� aÞ2

6
M �m

6
b� a

2

� �3

� jDj
M �m

� �3
" #

� ðb� aÞ3

48
ðM þmÞ: ð12Þ

Thus we obtainZ b

a
f ðxÞdx� b� a

2
½f ðaÞ þ f ðbÞ� þ f 0ðbÞ � f 0ðaÞ

8
ðb� aÞ2 þ ðb� aÞ3

48
ðM þmÞ

�����
����� 6 M �m

6
b� a

2

� �3

� jDj
M �m

� �3
" #

which is exactly the inequality shown in Theorem 1 of [11]. We get the inequality (2) in Theorem 2 if we set M = �m = M2.
In our next result, we shall generalize Theorem 3 to arbitrary time scales.

Theorem 7. Let a; aþb
2 ; b 2 Tj and f : ½a; b� ! R be a twice differentiable function and f DD : ½a; b� \ Tj2 ! R is bounded, i.e.

M :¼ sup
t2½a;b�\Tj2

jf DDðtÞj <1:

Then

2M
Z aþb

2 þkb

aþb
2 �ka

h2 x;
aþ b

2

� �
DxþM h3 a;

aþ b
2

� �
� h3 b;

aþ b
2

� �� �

6

Z b

a
f ðr2ðxÞÞDx� b� a

2
½f rðaÞ þ f rðbÞ� þ h2 b;

aþ b
2

� �
f DðbÞ � h2 a;

aþ b
2

� �
f DðaÞ

6 2M
Z aþka

a
h2 x;

aþ b
2

� �
Dxþ

Z b

b�kb

h2 x;
aþ b

2

� �
Dx

" #
þM h3 a;

aþ b
2

� �
� h3 b;

aþ b
2

� �� �
; ð13Þ
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where

ka ¼
b� a

4
þ 1

2M
f D aþ b

2

� �
� f DðaÞ

� �
and

kb ¼
b� a

4
þ 1

2M
f DðbÞ � f D aþ b

2

� �� �
are such that aþ ka 2 T and b� ka 2 T.

Proof. We shall apply Theorem 5 for FðxÞ ¼ h2 x; aþb
2

� �
; GðxÞ ¼ f DDðxÞþM

2M . We have 0 6 G(x) 6 1 for each x 2 ½a; b� \ Tj2
. So, on

½a; aþb
2 � \ Tj2

, Theorem 5 tells us thatZ aþb
2

aþb
2 �ka

FðxÞDx 6
Z aþb

2

a
FðxÞGðxÞDx 6

Z aþka

a
FðxÞDx;

which is equivalent to

2M
Z aþb

2

aþb
2 �ka

FðxÞDx 6 2M
Z aþb

2

a
FðxÞGðxÞDx 6 2M

Z aþka

a
FðxÞDx; ð14Þ

where

ka ¼
Z aþb

2

a
GðxÞDx ¼ 1

2M

Z aþb
2

a
ðf DDðxÞ þMÞDx ¼ b� a

4
þ 1

2M
f D aþ b

2

� �
� f DðaÞ

� �
:

The middle term of inequality (14) is

2M
Z aþb

2

a
FðxÞGðxÞDx ¼

Z aþb
2

a
h2 x;

aþ b
2

� �
ðf DDðxÞ þMÞDx ¼ M

Z aþb
2

a
h2 x;

aþ b
2

� �
Dxþ

Z aþb
2

a
h2 x;

aþ b
2

� �
f DDðxÞDx

¼ �M
Z a

aþb
2

h2 x;
aþ b

2

� �
Dxþ

Z aþb
2

a
h2 x;

aþ b
2

� �
f DDðxÞDx

¼ �Mh3 a;
aþ b

2

� �
þ
Z aþb

2

a
h2 x;

aþ b
2

� �
f DDðxÞDx:

With the help of Proposition 4(iv) and Remark 3, one hasZ aþb
2

a
h2 x;

aþ b
2

� �
f DDðxÞDx ¼ h2 x;

aþ b
2

� �
f DðxÞ

� �����
aþb

2

a

�
Z aþb

2

a
h2 x;

aþ b
2

� �� �D

f DðrðxÞÞDx

¼ �h2 a;
aþ b

2

� �
f DðaÞ �

Z aþb
2

a
h1 x;

aþ b
2

� �
f DðrðxÞÞDx:

Again by Proposition 4(iv) and Remark 3, one obtains

Z aþb
2

a
h1 x;

aþ b
2

� �
f DðrðxÞÞDx ¼ h1 x;

aþ b
2

� �
f ðrðxÞÞ

� �����
aþb

2

a

�
Z aþb

2

a
h1 x;

aþ b
2

� �� �D

f ðrðrðxÞÞÞDx

¼ �h1 a;
aþ b

2

� �
f ðrðaÞÞ �

Z aþb
2

a
h0 x;

aþ b
2

� �
f ðr2ðxÞÞDx ¼ b� a

2
f ðrðaÞÞ �

Z aþb
2

a
f ðr2ðxÞÞDx:

Thus,

2M
Z aþb

2

a
FðxÞGðxÞDx ¼ �Mh3 a;

aþ b
2

� �
� h2 a;

aþ b
2

� �
f DðaÞ � b� a

2
f rðaÞ þ

Z aþb
2

a
f ðr2ðxÞÞDx:

Therefore, we get

2M
Z aþb

2

aþb
2 �ka

h2 x;
aþ b

2

� �
DxþMh3 a;

aþ b
2

� �
6

Z aþb
2

a
f ðr2ðxÞÞDx� b� a

2
f rðaÞ � h2 a;

aþ b
2

� �
f DðaÞ

6 2M
Z aþka

a
h2 x;

aþ b
2

� �
DxþMh3 a;

aþ b
2

� �
: ð15Þ
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On aþb
2 ; b

	 

\ Tj2

, similar to (14) one has

2M
Z aþb

2 þkb

aþb
2

FðxÞDx 6 2M
Z b

aþb
2

FðxÞGðxÞDx 6 2M
Z b

b�kb

FðxÞDx; ð16Þ

where

kb ¼
Z b

aþb
2

GðxÞDx ¼ 1
2M

Z b

aþb
2

ðf DDðxÞ þMÞDx ¼ b� a
4
þ 1

2M
f DðbÞ � f D aþ b

2

� �� �
:

The middle term of inequality (16) is

2M
Z b

aþb
2

FðxÞGðxÞDx ¼
Z b

aþb
2

h2 x;
aþ b

2

� �
ðf DDðxÞ þMÞDx

¼ Mh3 b;
aþ b

2

� �
þ h2 b;

aþ b
2

� �
f DðbÞ �

Z b

aþb
2

x� aþ b
2

� �
f DðrðxÞÞDx

¼ Mh3 b;
aþ b

2

� �
þ h2 b;

aþ b
2

� �
f DðbÞ � b� a

2
f rðbÞ þ

Z b

aþb
2

f ðr2ðxÞÞDx:

Therefore, we have

2M
Z aþb

2 þkb

aþb
2

h2 x;
aþ b

2

� �
Dx�Mh3 b;

aþ b
2

� �
6

Z b

aþb
2

f ðr2ðxÞÞDx� b� a
2

f rðbÞ þ h2 b;
aþ b

2

� �
f DðbÞ

6 2M
Z b

b�kb

h2 x;
aþ b

2

� �
Dx�Mh3 b;

aþ b
2

� �
: ð17Þ

Addition of (15) and (17) implies (13). h

Remark 5. If we apply the inequality (13) to different time scales, we can get some well-known and some new results. For
example, in the special case T ¼ R, we get the inequality (3) in Theorem 3. To be precise, we refer the reader to Corollary 1.
The interested reader can investigate the case T ¼ Z;T ¼ qN0 .
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[11] N. Elezović, J. Pečarić, Steffensen’s inequality and estimates of error in trapezoidal rule, Appl. Math. Lett. 11 (1998) 63–69.
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