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Ostrowski worth noticing that n, m are arbitrary numbers. This means that the estimate in (x) is more
New estimations accurate when m is large enough. Our approach is also elementary.
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1. Introduction

In recent years, a number of authors have considered error inequalities for some known and some new quadrature
formulas. Sometimes they have considered generalizations of these formulas, see [1-5] and their references therein where
the midpoint and trapezoid quadrature rules are considered.

In [6, Corollary 3] the following Simpson-Griiss type inequalities have been proved. If f : [a, b] — R is such that f™~V
is an absolutely continuous function and

yﬂ § f(n) (t) § an (a'e') on [a7 b]

for some real constants y;, and I, then for n = 1, 2, 3, we have

b
ff(r)dr——(f( )+4f< )+f<b))

<G (I —vn) (b—a)"™, (1)

where

— Y =
162 1152
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In [2, Theorem 3], the following results obtained: Let I C R be an open interval such that [a, b] C [ and letf : I — R be
a twice differentiable function such that f” is bounded and integrable. Then we have

[ - (- 2=V o-0) +r (54 (2-v3) 0-0) )|

7— 4‘/5 7"
& 7] €

_— b—a).
8 )

(2)

In the above mentioned results, constants C, in (1) and # in (2) are sharp in the sense that these cannot be replaced
by smaller ones. We may think the estimate in (1) involves the following six points x;, i = 1, 6 which will be called knots in
the sequel

1 1
a+ O 2 (b—a)=---=a+ 3 (b—a)<a+ 1 x(b-a).
X1 ~— ~— Xg

X2

X5
While in (2), we have two knots x; < x; as following

a+<%—(2—~/§)) x(b—a)<a+<%+(2—~/§)) (b—a).

X1

X2

On the other hand, as can be seen in both (1) and (2) the number of knots in the left hand side reflects the exponent of

b — ain the right hand side. This leads us to strengthen (1)-(2) by enlarging the number of knots (six knots in (1) and two
knots in (2)).

Before stating our main result, let us introduce the following notation
b
I(f)zf f(x) dx.
a

Let 1 £ m,n < oo.Foreachi

1, n, we assume 0 < x; < 1 such that

n
X1+X2+"'+Xn=§’
. . . n
XX, 4+ x = ——
n
x'1"_1+x2m_1+--~+xnm’1=a,
n
XX X = ———
P =

Put

b_ n
Qfonm i, x) = == Y [ @+xi (b= ).
i=1

Remark 1. With the above notations, (1) reads as follows

. 1111 o b— ™ meT3
I(f) Q<f767m705272527251) §Cm(Fm Vm)(b a) ’ m_1737 (3)
while (2) reads as follows
1 1 7-4V3 3
1(f)-Q<f,2,z,5—(2—«@),5+(2—J§>> < =l 0-a’. 4)

We are now in a position to state our main result.

Theorem 2. Let I C R be an open interval such that [a, b] C I and let f : | — R be a m-th differentiable function. Then we
have

2m+5 (b —a)™*
HE) = Q¢ mm.xa s x| £ ===

where S 1= sup <, f ™ (x) and s := infyy<, f ™ (x).

(S —5s) (5)
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Remark 3. It is worth noticing that the right hand side of (5) does not involve x;, i = 1, n and that m can be chosen arbitrarily.

This means that our inequality (5) is better in some sense, especially whenb — a < 1.

This work can be considered as a continued and complementary part to a recent paper [7]. More specifically, [7, Theorem
4] provides a similar estimate as (5). However, in contrast to the result presented here our estimate in (5) depends only on
the L[P-norm of f ™ (x). There is one thing we should mention here; both Theorem 2 presented here and Theorem 4 in [7]
are not optimal. This is because of the restriction of the technique that we use. It is better if we leave these to be solved by

the interested reader.

2. Proofs

Before proving our main theorem, we need an essential lemma below. It is well-known in the literature as Taylor’s

formula or Taylor’s theorem with the integral remainder.

Lemma 4 (See [8]). Let f : [a, b] — R and let r be a positive integer. If f is such that f "1 is absolutely continuous on [a, b],

Xo € (a, b) then for all x € (a, b) we have

f (x) = Ir (f9 Xo, x) + RT—] (.f7 X0, X)
where T,_1 (f, Xo, -) is Taylor’s polynomial of degree r — 1, that is,

O (x0) (x — x0)¥
Z k!

Tr—l (fv X0, X) =

k=0

and the remainder can be given by

(x—t) 1 fo (f)
Ri_1(f, %0, %) = / T——U'

By a simple calculation, the remainder in (6) can be rewritten as
O (x—x9— ) [ (x0 4 1)
Re—1 (f, %0, %) = / d
0 (r—1n!
which helps us to deduce a similar representation of f as follows

r—1
u
f(x+u)=Z f(k)()+/ w@-n FO (x+1t) dt.
=0 — !
Before proving Theorem 2, we see that

1 (b - X)m (m) b—a" w1 (m—=1)
([ % )(/f () = I - ).

Since
b—ays<f" Vb)) —f" V@< b-a)S
then

_ m+1 __y\m _ m+1
B ([0 ) ([ ) < 2
(m+1)' b—a (m+ 1)!

Besides,

xM(h — x)m-1
_Z|:(/ % )(/ f(m)((l—xl)a+xlx)dx>:|
n m _ b
= — Z |: (b—a™ </ f(m)((l — x)a + xX) dx>:| '

Clearly,

H/\

b
(b—a)s < f ™1 —x)a+xx)dx< (b—a)S

which implies that

II/\

( )m—H 1 b X:n(b _ x)m—l b . (b _ a)m—H
(m+1)' E;(/a wdx)(‘/a‘f (1 = x)a + xx) dx §m5.
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Lemma 5 (Griiss Inequality, See [9]). Let f and g be two functions defined and integrable over [a, b]. Then we have

1 b 1 b b
—b_a/af(X)g(X)dX——(b_a)2 (/Gf(x)dx)(/a g(X)dX>

wheres; < f (x) £Syands, £g(x) £ S, forallx € [a, b].

Proof of Theorem 2. Denote
X
F (x) =/ f (%) dx.
a

By the Fundamental Theorem of Calculus

I(f)=F(b)—F(a).
Applying Lemma 4 to F(x) withx = aand u = b — a, we get

F(b)=F(a >+Z 0= g+ / GO et gy gt
which yields
1(f) = kz b- T 2 ——FY @+ / O=O% pmen (1) g,
=
Equivalently,

ni( —" b—0" m
=S99 (>+/ C=9%cm ¢y gr.
— (k+ 1)!

For each 1 £ i < n, applying Lemma 4 to f (x) withx = aand u = x;(b

1
< 2 (S1—51) (52 —52)

— a), we get

flat+xb—a)=>"

k=0

m—1 k xj(b—a) . _ _ g\ym—1
Mf(">()+f (X'(b(m? 2 f™ (a4 t) dt

1!

m—1 k _ b—a ,m g -1
-y '(b—)ﬂ") (@ + / KOG DT rm (g 4 ) du
0

(m—1)!

By applying (9) toi = 1, n and then summing up, we deduce that

(m—1)!

m— Xl; (b _ a)k b X (b _ u)m—l
. a

™ (a(1 = x;) + xu) du.

n n m—1 _k _ -
S fatxb-a)= ZZ"I (b 0" £ (g )+Z/ X (0 L;)), T ™ (a1 — x;) +xu) du
i=1 i=1 k=0
m—1 Xn:xf (b - a)k m—1
=y (a)+2 / X b _L;)), NOZW e (g1 x) + xu) du
k=0
m—1 b _ ,nm—1
Thus,
m—1 (b . a)k+l ® X (b _ u) )
Q(f, n,m, Xy, ...,Xn) = ;Wf ((1)+ Z]/a 1)' f (a(l —Xi)+Xiu) du.
Therefore, by combining (8) and (11), we get
'"(b — X)

b—
If)—Q(f,n,m,xq,... x,,)_/(

f‘"”((l X)) + x;x) dx
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b h— 1 b b — x)™ b
v [ ([ 7))

_b-a Z [/ X0 =0 o (1~ xya o xo0) dx

no= (m—1)!

b ,m _ y,ym—1 b
- bia (/ %dx> (/ ™ _Xi)a+xix)dx)i|
n b ,m _ ym—1 b
_%Z[(/ %dx)(/ f(m)((l—x,-)a—|-x,-x)dx)j|
(b—-—am (m—1) (m=1) _1 L (/b x}"(b_x)m—l )(/b - o | )
(m+1),(f (b) — f""(a)) n; B dx a F™ (1 = x)a + xx) dx

b _\m b
[/ G= cm () dy 1a(/ G m'x) dx) (/ f(m)(x)dx):|

My ym—1
i=1 La '

1 b X;“(b—x)m_l b . ~
b—a(/a Wd") (ff (<1—xf>a+x,»x>c1x) :

n

Then it follows from using the Griiss inequality that

b )M b m+1
/ (b— f(m)()d 10(/ (b va) dx) (/ f(m)(x)dx) §%%(s—s)

Zf X 0™ o (1 — a4 ) dx — — (/b"lm(b_")m1d)<fbf<m>(<1— Ja+ ->d)
e m—! PETREE T =\ T T\, e

—(5—)

an

= (S—5).
4(m—1lm+1)

We know that
(b _ a)m+1 (b _ a)m

(m—1) (m—1)

( a)erl
- (m+ D!

b—a)™! 1 b xm(b — x)m! m (b — a)™*!
<m+1>!S§E;[<fa (m— 1) d)(faf ((1_"')“+X'X)dx>]‘ mEn

Therefore,

b— 1 b ym(p — xym—1 b
T ([ =1 e

i=1

and

Sﬂ(S—s).
= T m+ 1)
Thus,
1b- )'“+1 (b—am! (b—am!
) —Qf,n,mxq, ..., Xn)| < I (5—5)+—m(5—5)+m(5—5)
( 1 )(b_a)erl
= (S_S)
4(m+1) m(m+1) (m—1)!

2m+5 (b — a)™*!

i min 077
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where
S:= sup f™(x) and s:= infbf(m)(x)
asx<

asx<h
which completes our proof. O
3. Examples

In this section, by applying our main theorem, we will obtain some new inequalities which cannot be easy obtained
by [2,3]. Actually, our result covers several known results in the numerical integration.

Example 6. Assumen = 6, m = 1,2,or 3. Clearlyx; = 0,x; = X3 = X4 = X5 = % and xg = 1 satisfy the following linear
system

6
X1+X2+"'+X6=§’
=

1T % T iyt
xm+xm+...+xm=L
! 2 T m41

Therefore, we obtain the following inequalities

b b— b
f f@da- 22" <f (@) + 4 (%) +f<b>)

where Sy, = supy<p f™ (%) and s, = infoyep f™ (x) and

o7 o 9 o_n
1Ty 27 7 96

Clearly, the left hand side of (12) is similar to the Simpson rule.

< Cn (Sm = Sm) (b — )™ (12)

Example 7. Assume n = 3, m = 3. By solving the following linear system

X1+ Xy +X3:

2,2 1,2
X]+X 45 =

3,31 .,3
X]+x+x =

AW wlwN|lw

we obtain {x1, x5, x3} is a permutation of

1,1_1(&2),1(&2)},
2 2 2 2 2

Therefore, we obtain the following inequalities

/abf(x) dx—?(f(a—k(l—%(l:l:?))(b—a))

_ 4
+f<a+%(b—a))+f(a+%(11‘?)@—@))  Hb—a

- 96
where S = sup,,«; f"”'(x) and s = infax<p " (%).

(S—5s) (13)

Example 8. If n = 2, m = 2, then by solving the following system
X1+x =

’

2 2 _
X1 + Xy =

k)

WINDNIN
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we obtain
1 31 3
(%1, %) = (E + %, E F %) .
We then obtain a similar 2-point Gaussian quadrature rule
b b—a 1 V3 1.3 9b -’
\/af(X)dX—T<f(a+(5——>(b—a)>+f(a+(§ >(b— ))) T( 5) (]4)

where S = sup,.,-, f”(x) and s = info<x<p " (%).

Remark 9. Note that using (13) provides a better result than using (14) (or the 2-point Gaussian quadrature rule). For
example, let us consider the following function f (x) = xe*™*. Then

1
/ f(x)dx ~ 0.9291567730.

If we use (13), we then have

/ fxydx~ — <f (— - \/TE) +f (%) +f (f (% + “g))) ~ 0.9301849429.

If we use (14), we then have
! 1 1 V3 1 /3
/0 fdx~ 3 <f (5 - ?) +f (f <5 + ?)» ~ 0.9319357678.

Example 10. If m = 2 and n = 3, then by solving the following system

X1+X +Xx3=

’

wWlwnN|w

X+ x5+ x5 =
we obtain {x1, X, X3} is a permutation of {t, % —t—k, l<}. where k is a solution of the following algebraic equation

8x° + (8t — 12)x + (8t> — 12t +5) =0
with

We then obtain

b b—a 3 (— a)’®
/f(x)dx—T(f(a+t(b—a))+f(a+(5—t—k)(b—a))+f(a+k(b—a))) <S————(-9

where S = sup,<,,, f”(x) and s = info<x< " (%).
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