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1. INTRODUCTION

The following classical integral inequality established by Ostrowski [28] in 1938

has received considerable attention from many researchers [12, 13, 18, 19, 26, 27].

Theorem 1.1. Let f : [a, b] → R be continuous on [a, b] and differentiable on

(a, b) whose derivative function f ′ : (a, b) → R is bounded on (a, b), i.e., ‖f ′‖∞ =

sup
t∈(a,b)

|f ′(t)| < ∞. Then

∣

∣

∣

∣

f(x) −
1

b − a

∫ b

a

f(t)dt

∣

∣

∣

∣

≤

(

1

4
+

(

x − a+b
2

)2

(b − a)2

)

(b − a)‖f ′‖∞, ∀x ∈ [a, b].

In the present paper, we will present a generalization of Ostrowski’s inequality

using the time scale theory. And thus, for completeness in the paper, we would like

to give some basic concepts of the time scale below.

A time scale T is an arbitrary nonempty closed subset of real numbers. The

development of the theory of time scales was initiated by Hilger [14] in 1988 as a

theory capable to contain both difference and differential calculus in a consistent

way. Since then, many authors have studied certain integral inequalities or dynamic
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equations on time scales ([1, 10, 11, 15, 16, 29, 31, 32, 33]). We refer the reader to

Hilger’s Ph.D. thesis [14] and the books [5, 6, 17] for details of the (one-variable)

time scales theory. We also refer the reader to [7, 8, 9] for the two dimensional time

scales calculus and the so-call Riemann ∆∆-integrals. The Riemann ∇∇-integrals,

Riemann ∆∇-integrals and Riemann ∇∆-integrals were developed by the present

authors in [24].

In [11], Bohner and Matthews established the following Ostrowski inequality on

time scales which was later generalized by the present authors ([20, 21, 22, 23]).

Theorem 1.2 (See [11, Theorem 3.5]). Let a, b, x, t ∈ T, a < b and f : [a, b] → R be

differentiable. Then

(1.1)

∣

∣

∣

∣

f(x) −
1

b − a

∫ b

a

fσ(t)∆t

∣

∣

∣

∣

≤
M

b − a

(

h2(x, a) + h2(x, b)
)

,

where M = sup
a<x<b

|f∆(x)| (see Definition 1.4 below for h2(·, ·)). This inequality is

sharp in the sense that the right-hand side of (1.1) can’t be replaced by a smaller one.

Recently, the present authors [24] generalized the above Ostrowski inequality on

time scales for double integrals and obtained the following result.

Theorem 1.3. Let x, t ∈ T1, y, s ∈ T2 and f : [a, b] × [c, d] → R be such that the

partial derivatives
∂f(t,s)

∆1t
,

∂f(t,s)
∆2s

,
∂2f(t,s)
∆2s∆1t

exist and are continuous on [a, b]×[c, d]. Then
∣

∣

∣

∣

∣

f(x, y)−
1

(b − a)(d − c)

∫ b

a

∫ d

c

f(σ1(t), σ2(s))∆1t∆2s

∣

∣

∣

∣

∣

≤
M1

b − a

(

h2(x, a) + h2(x, b)
)

+
M2

d − c

(

h2(y, c) + h2(y, d)
)

+
M3

(b − a)(d − c)

(

h2(x, a) + h2(x, b)
)(

h2(y, c) + h2(y, d)
)

for all (x, y) ∈ [a, b] × [c, d], where

M1 = sup
a<t<b

∣

∣

∣

∣

∂f(t, s)

∆1t

∣

∣

∣

∣

, M2 = sup
c<s<d

∣

∣

∣

∣

∂f(t, s)

∆2s

∣

∣

∣

∣

, M3 = sup
a<t<b,c<s<d

∣

∣

∣

∣

∂2f(t, s)

∆2s∆1t

∣

∣

∣

∣

.

In this paper, we shall first derive a new Ostrowski inequality for double integrals

on time scales via ∆∆-integral, then get completely analogous results via ∇∇-, ∆∇-

and ∇∆-integrals. For a general time scale T, we need the following definitions.

Definition 1.4. Let hk : T
2 → R, k ∈ N0 be defined by

h0 (t, s) = 1 for all s, t ∈ T

and then recursively by

hk+1 (t, s) =

∫ t

s

hk (τ, s) ∆τ for all s, t ∈ T.
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Definition 1.5. Let jk : T
2 → R, k ∈ N0 be defined by

j0 (t, s) = 1 for all s, t ∈ T

and then recursively by

jk+1 (t, s) =

∫ t

s

jk (τ, s)∇τ for all s, t ∈ T.

2. MAIN RESULTS

In this section, we suppose that Ti is a time scale, ai, bi ∈ Ti with bi > ai, hi
k and

ji
k are the generalized polynomial defined on Ti, i = 1, 2.

2.1. A new Ostrowski’s inequality for double integrals via ∆∆-integral. We

first derive the following new Ostrowski type inequality for double integrals on time

scales via ∆∆-integral.

Theorem 2.1. Let x, t ∈ T1, y, s ∈ T2 and f : [a1, b1]×[a2, b2] → R be such that f(·, ·)

is integrable on [a1, b1]× [a2, b2], f(x, ·) is integrable on [a2, b2] for any x ∈ [a1, b1] and

f(·, y) is integrable on [a1, b1] for any y ∈ [a2, b2], the partial derivative
∂2f(t,s)
∆2s∆1t

exists

and is continuous on [a1, b1] × [a2, b2]. Then
∣

∣

∣

∣

∣

1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

f(σ1(t), σ2(s))∆1t∆2s

−
1

b2 − a2

∫ b2

a2

f(x, σ2(s))∆2s −
1

b1 − a1

∫ b1

a1

f(σ1(t), y)∆1t + f(x, y)

∣

∣

∣

∣

∣

≤
M

(b1 − a1)(b2 − a2)

(

h1
2(x, a1) + h1

2(x, b1)
)(

h2
2(y, a2) + h2

2(y, b2)
)

(2.1)

for all (x, y) ∈ [a1, b1] × [a2, b2], where

M = sup
a1<t<b1,a2<s<b2

∣

∣

∣

∣

∂2f(t, s)

∆1t∆2s

∣

∣

∣

∣

.

For easiness in the proof of our main result Theorem 2.1, we need to prove the

following lemma of which proof is partially motivated by the key idea employed by

Barnett and Dragomir in [4].

Lemma 2.2 (See [30, Lemma 2.3]). Under the assumptions of Theorem 2.1, we have

1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

p1(x, t)p2(y, s)
∂2f(t, s)

∆2s∆1t
∆1t∆2s

=
1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

f(σ1(t), σ2(s))∆1t∆2s

−
1

b2 − a2

∫ b2

a2

f(x, σ2(s))∆2s −
1

b1 − a1

∫ b1

a1

f(σ1(t), y)∆1t + f(x, y),
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where

p1(x, t) =

{

t − a1, a1 ≤ t < x,

t − b1, x ≤ t ≤ b1,
p2(y, s) =

{

s − a2, a2 ≤ s < y,

s − b2, y ≤ s ≤ b2.

If we apply Lemma 2.2 to the discrete and continuous cases, we have the following

results.

Corollary 2.3 (Continuous case). Let T1 = T2 = R. Then our delta integral is the

usual Riemann integral from calculus. Then

1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

p1(x, t)p2(y, s)
∂2f(t, s)

∂s∂t
dsdt

=
1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

f(t, s)dsdt

−

(

1

b2 − a2

∫ b2

a2

f(x, s)ds +
1

b1 − a1

∫ b1

a1

f(t, y)dt

)

+ f(x, y),

which is exactly the integral identity shown in [4].

Corollary 2.4 (Discrete case). Let T1 = T2 = Z, a1 = 0, b1 = n, a2 = 0, b2 = m,

x = i, y = j, t = k, s = l, and f(p, q) = xpyq. Then

1

mn

n
∑

k=1

m
∑

l=1

p1(i, k)p2(j, l)∆xk∆yl =
1

mn

n
∑

k=1

m
∑

l=1

xkyl −
1

m

m
∑

l=1

xiyl −
1

n

n
∑

k=1

xkyj + xiyj,

where

p1(i, 0) = 0,

p1(1, k) = k − n, for 1 ≤ k ≤ n − 1;

p1(n, k) = k, for 0 ≤ k ≤ n − 1;

p1(i, k) =







k, 0 ≤ k < i,

k − n, i ≤ k ≤ n − 1,

and

p2(j, 0) = 0;

p2(1, l) = l − n, for 1 ≤ l ≤ m − 1;

p2(m, l) = l, for 0 ≤ l ≤ m − 1;

p2(j, l) =







l, 0 ≤ l < j,

l − m, j ≤ l ≤ m − 1.
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Corollary 2.5 (Quantum calculus case). Let T1 = qN0

1 and T2 = qN0

2 with q1 > 1 and

q2 > 1. Suppose a1 = qi
1, b1 = q

j
1, a2 = qk

2 , b2 = ql
2 for some i < j and k < l. Then

j−1
∑

r=i

l−1
∑

s=k

(

f(qr+1

1
,qs+1

2
)−f(qr

1 ,qs+1

2
)−f(qr+1

1
,qs

2)+f(qr

1 ,qs

2)

(q1−1)(q2−1)qr

1
qs

2

)

p1(q
m
1 , qr

1)p2(q
n
2 , qs

2)

j−1
∑

r=i

qr
1

l−1
∑

s=k

qs
2

=

j−1
∑

r=i

l−1
∑

s=k

qr
1q

s
2f(qr+1

1 , qs+1
2 )

j−1
∑

r=i

qr
1

l−1
∑

s=k

qs
2

−

j−1
∑

r=i

qr
1f(qr+1

1 , qn
2 )

j−1
∑

r=i

qr
1

−

l−1
∑

s=k

qs
2f(qm

1 , qs+1
2 )

l−1
∑

s=k

qs
2

+ f(qm
1 , qn

2 ).

Proof of Theorem 2.1. By applying Lemma 2.2, we can state that
∣

∣

∣

∣

∣

1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

f(σ1(t), σ2(s))∆1t∆2s

−

(

1

b2 − a2

∫ b2

a2

f(x, σ2(s))∆2s +
1

b1 − a1

∫ b1

a1

f(σ1(t), y)∆1t

)

+ f(x, y)

∣

∣

∣

∣

∣

≤
1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

|p1(x, t)||p2(y, s)|

∣

∣

∣

∣

∂2f(t, s)

∆2s∆1t

∣

∣

∣

∣

∆1t∆2s

≤
M

(b1 − a1)(b2 − a2)

(
∫ b1

a1

|p1(x, t)|∆1t

)(
∫ b2

a2

|p2(y, s)|∆2s

)

for all (x, y) ∈ [a1, b1] × [a2, b2]. By a simple calculation we get
∫ b1

a1

|p1(x, t)|∆1t =

∫ x

a1

|t − a1|∆1t +

∫ b1

x

|t − b1|∆1t

=

∫ x

a1

(t − a1)∆1t +

∫ b1

x

(b1 − t)∆1t = h1
2(x, a1) + h1

2(x, b1)

and
∫ b2

a2

|p2(y, s)|∆2s = h2
2(y, a2) + h2

2(y, b2)

Therefore, we obtain (2.1).

If we apply the new Ostrowski type inequality for double integrals to different

time scales, we will get some well-known and some new results.

Corollary 2.6 (Continuous case). Let T1 = T2 = R. Then our delta integral is the

usual Riemann integral from calculus. Hence,

h2 (t, s) =
(t − s)2

2
, for all t, s ∈ R.

This leads us to obtain exactly the Ostrowski type inequality for double integrals shown

in Theorem 2.1 of [4].
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Corollary 2.7 (Discrete case). Let T1 = T2 = Z, a1 = 0, b1 = n, a2 = 0, b2 = m,

x = i, y = j, t = k, s = l, and f(p, q) = xpyq. With these, it is known that

hk (t, s) =

(

t − s

k

)

, for all t, s ∈ Z.

Therefore,

h1
2 (x, a1) =

(

i

2

)

=
i (i − 1)

2
,

h1
2 (x, b1) =

(

i − n

2

)

=
(i − n) (i − n − 1)

2
,

and

h2
2 (y, a2) =

(

j

2

)

=
j (j − 1)

2
,

h2
2 (y, b2) =

(

j − m

2

)

=
(j − m) (j − m − 1)

2
.

Thus, we have

∣

∣

∣

∣

∣

n
∑

k=1

m
∑

l=1

xkyl − m

n
∑

k=1

f(k, j) − n

m
∑

l=1

f(i, l) + mnxixj

∣

∣

∣

∣

∣

≤
M

mn

(

∣

∣

∣

∣

i −
n + 1

2

∣

∣

∣

∣

2

+
n2 − 1

4

)(

∣

∣

∣

∣

j −
m + 1

2

∣

∣

∣

∣

2

+
m2 − 1

4

)

for all i = 1, n and j = 1, m, where

M = max
1≤k≤n−1,1≤l≤m−1

|∆xk∆yl|.

Corollary 2.8 (Quantum calculus case). Let T1 = qN0

1 and T2 = qN0

2 with q1 > 1

and q2 > 1. Suppose a = qi
1, b = q

j
1, c = qk

2 , d = ql
2 for some i < j and k < l. In this

situation, one has

hk (t, s) =
k−1
∏

ν=0

t − qνs
ν
∑

µ=0

qµ

, for all t, s ∈ T.

Therefore,

h1
2(x, a1) =

(qm
1 − qi

1)(q
m
1 − qi+1

1 )

1 + q1
,

h1
2(x, b1) =

(qm
1 − q

j
1)(q

m
1 − q

j+1
1 )

1 + q1
,
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and

h2
2(y, a2) =

(qn
2 − qk

2 )(qn
2 − qk+1

2 )

1 + q2

,

h2
2(y, b2) =

(qn
2 − ql

2)(q
n
2 − ql+1

2 )

1 + q2

.

Then
∣

∣

∣

∣

∣

∣

∣

∣

∣

j−1
∑

r=i

l−1
∑

s=k

qr
1q

s
2f(qr+1

1 , qs+1
2 )

j−1
∑

r=i

qr
1

l−1
∑

s=k

qs
2

−

j−1
∑

r=i

qr
1f(qr+1

1 , qn
2 )

j−1
∑

r=i

qr
1

−

l−1
∑

s=k

qs
2f(qm

1 , qs+1
2 )

l−1
∑

s=k

qs
2

+ f(qm
1 , qn

2 )

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤
M

j−1
∑

r=i

qr
1

l−1
∑

s=k

qs
2

(

(qm
1 − qi

1)(q
m
1 − qi+1

1 ) + (qm
1 − q

j
1)(q

m
1 − q

j+1
1 )

1 + q1

×
(qn

2 − qk
2 )(qn

2 − qk+1
2 ) + (qn

2 − ql
2)(q

n
2 − ql+1

2 )

1 + q2

)

,

where

M = sup
i<m<j−1, k<n<l−1

∣

∣

∣

∣

f(qm+1
1 , qn+1

2 ) − f(qm
1 , qn+1

2 ) − f(qm+1
1 , qn

2 ) + f(qm
1 , qn

2 )

(q1 − 1)(q2 − 1)qm
1 qn

2

∣

∣

∣

∣

.

Remark 2.9. We note that in the special case, if f(x, y) in Theorem 2.1 does not

depend on y, we get back the Ostrowski inequality (1.1) on (one-variable) time scales.

2.2. Ostrowski’s inequality for double integrals via ∆∇-integral. By a com-

pletely analogous method, we can derive the following similar result via ∆∇-integral.

This would be interesting, since the calculus on time scales via ∇ derivatives seem to

have many interesting application [2, 3, 25].

Theorem 2.10. Let x, t ∈ T1, y, s ∈ T2 and f : [a1, b1] × [a2, b2] → R be such that

f(·, ·) is integrable on [a1, b1]×[a2, b2], f(x, ·) is integrable on [a2, b2] for any x ∈ [a1, b1]

and f(·, y) is integrable on [a1, b1] for any y ∈ [a2, b2], the partial derivative
∂2f(t,s)
∇2s∆1t

exists and is continuous on [a1, b1] × [a2, b2]. Then
∣

∣

∣

∣

∣

1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

f(σ1(t), ρ2(s))∆1t∇2s

−

(

1

b2 − a2

∫ b2

a2

f(x, ρ2(s))∇2s +
1

b1 − a1

∫ b1

a1

f(σ1(t), y)∆1t

)

+ f(x, y)

∣

∣

∣

∣

∣

≤
M

(b1 − a1)(b2 − a2)

(

h1
2(x, a1) + h1

2(x, b1)
)(

j2
2(y, a2) + j2

2(y, b2)
)

(2.2)

for all (x, y) ∈ [a1, b1] × [a2, b2], where

M = sup
a1<t<b1,a2<s<b2

∣

∣

∣

∣

∂2f(t, s)

∆1t∇2s

∣

∣

∣

∣

.
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In fact, to prove Theorem 2.10, we need the following lemma which can be proved

similarly to Lemma 2.2.

Lemma 2.11. Under the assumptions of Theorem 2.10, we have

1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

p1(x, t)p2(y, s)
∂2f(t, s)

∇2s∆1t
∆1t∇2s

=
1

(b1 − a1)(b2 − a2)

∫ b1

a1

∫ b2

a2

f(σ1(t), ρ2(s))∆1t∇2s

−

(

1

b2 − a2

∫ b2

a2

f(x, ρ2(s))∇2s +
1

b1 − a1

∫ b1

a1

f(σ1(t), y)∆1t

)

+ f(x, y).

(2.3)

Proof. We have the following equality:
∫ x

a1

∫ y

a2

(t − a1)(s − a2)
∂2f(t, s)

∇2s∆1t
∆1t∇2s

=

∫ x

a1

(t − a1)

(

(y − a2)
∂f(t, y)

∆1t
−

∫ y

a2

∂f(t, ρ2(s))

∆1t
∇2s

)

∆1t

=(y − a2)

∫ x

a1

(t − a1)
∂f(t, y)

∆1t
∆1t −

∫ y

a2

(
∫ x

a1

(t − a1)
∂f(t, ρ2(s))

∆1t
∆1t

)

∇2s

= (y − a2)

(

(x − a1)f(x, y) −

∫ x

a1

f(σ1(t), y))∆1t

)

−

∫ y

a2

(

(x − a1)f(x, ρ2(s)) −

∫ x

a1

f(σ1(t), ρ2(s))∆1t

)

∇2s

= (y − a2)(x − a1)f(x, y) − (y − a2)

∫ x

a1

f(σ1(t), y))∆1t

− (x − a1)

∫ y

a2

f(x, ρ2(s))∇2s +

∫ x

a1

∫ y

a2

f(σ1(t), ρ2(s))∆1t∇2s.

(2.4)

Also, by similar computations we have
∫ x

a1

∫ b2

y

(t − a1)(s − b2)
∂2f(t, s)

∇2s∆1t
∆1t∇2s

= (b2 − y)(x− a1)f(x, y) − (b2 − y)

∫ x

a1

f(σ1(t), y))∆1t

− (x − a1)

∫ b2

y

f(x, ρ2(s))∇2s +

∫ x

a1

∫ b2

y

f(σ1(t), ρ2(s))∆1t∇2s,

(2.5)

∫ b1

x

∫ b2

y

(t − b2)(s − b2)
∂2f(t, s)

∇2s∆1t
∆1t∇2s

= (b2 − y)(b2 − x)f(x, y) − (b2 − y)

∫ b1

x

f(σ1(t), y))∆1t

− (b2 − x)

∫ b2

y

f(x, ρ2(s))∇2s +

∫ b1

x

∫ b2

y

f(σ1(t), ρ2(s))∆1t∇2s

(2.6)
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and
∫ b1

x

∫ y

a2

(t − b2)(s − a2)
∂2f(t, s)

∇2s∆1t
∆1t∇2s

= (y − a2)(b2 − x)f(x, y) − (y − a2)

∫ b1

x

f(σ1(t), y))∆1t

− (b2 − x)

∫ y

a2

f(x, ρ2(s))∇2s +

∫ b1

x

∫ y

a2

f(σ1(t), ρ2(s))∆1t∇2s.

(2.7)

If we add the equalities (2.4)-(2.7), we can easily get the integral identity (2.3).

Remark 2.12. The correspondigs of the results in the previous sections can be easily

adopted for ∇∇-integral and ∇∆-integral.
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[27] D. S. Mitrinović, J. Pecarić and A. M. Fink, Classical and New Inequalities in Analysis, Kluwer

Academic, Dordrecht, (1993).
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