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1. Introduction

In recent years, a number of authors have considered error inequalities for some known and some new quadrature
formulas. Sometimes they have considered generalizations of these formulas, for example, the Simpson inequality (which
gives an error bound for the well-known Simpson rule) is considered in [1-10]. In [5], we can find the inequality,

b b—a a+b r—y 5
faf(t)dt—T(f(a)+4f<7)+f(b))‘S o -, (1

where I', y are real numbers, such that y < f'(t) < I',t € [a, b]. We define the Chebyshev functional,

1 b 1 b b
T(f,g)zm/a f(t)g(t)dt—m/a f(t)df/a g (t)dt.

Then

1 1 b 2
T(f’f)zm”fufz—m(/a f(f)df) :

We also define

of) =b-aT({.f). (2)

In [10], the author proved the following result.

* Corresponding author at: Department of Mathematics, College of Science, Viét Nam National University, Ha Noi, Viet Nam.
E-mail addresses: nhat_huy85@yahoo.com (V.N. Huy), bookworm_vn@yahoo.com (Q.-A. Ngo).

0895-7177/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.mcm.2010.03.049



V.N. Huy, Q.-A. Ngb / Mathematical and Computer Modelling 52 (2010) 522-528 523

Theorem 1 (See [10], Theorem 1). Let f : [a, b] — R be an absolutely continuous function, whose derivative f’ € L*[(a, b)].

Then
b b— b
/JﬂMuung@+#<%})HwQ

where o (-) is defined by (2). Inequality (3) is sharp in the sense that the constant é cannot be replaced by a smaller one.

g@§£omx 3)

Since the constant é in (3) is sharp, in order to strengthen (3) we have to replace the exponent % on the right-hand side
of (3). This leads us to strengthen (3) by enlarging the number of knots (6 knots in (3)) and replacing f’ in (3) (see [11] for
more details). Before stating our main result, let us introduce the following notation.

b
Im=/fmm

Let1<m,n<oocand1<p < oo.Foreachi = 1, n, we assume 0 < x; < 1 such that

n
X1+X2+"'+Xn=5,

. . . n
XX+ X = —,
n
A T =
n
xm+xm+”'+xm=
1 2 n m+1

Put

b _ n
Qfinm o, x) = == Y f @+x (b —a).
i=1

Remark 2. With the above notations, inequality (3) reads as follows

)

We are now in a position to state our main result. Precisely, we shall apply the Fundamental Theorem of Calculus, Taylor’s
formula and the Holder inequality to establish the following result.

gﬂgzomy (4)

’ 9’

’

N | —
N | =

1 -a(r.61.02 2
b 9 9 b 2 2

Theorem 3. Let I C R be an open interval such that [a, b] C I and let f : I — R be an m-times differentiable function such
that f™ e [*(a, b). Then we have

1 1 b— aymt2
um—ammmmwwo@<¢qu+¢M%4>( 3 Jo rm). (5)

This work can be considered as a continued and complementary part to our recent papers [11-13].

Remark 4. Itis worth noticing that the right-hand side of (5) does not involve x;,i = 1, nand that m can be chosen arbitrarily.
This means that our inequality (5) is better in some sense, especially when b — a << 1. However, the constant

( 1 4 1 ) 1

J2m+1  /2m—1) m!

in the inequality (5) is not sharp. This is because of the restriction of the technique that we use. It is better if we leave these
to be solved by the interested reader.

2. Proofs

Before proving our main theorem, we need an essential lemma below. It is well known in the literature as Taylor’s formula
or Taylor’s theorem with the integral remainder.
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Lemma 5 (See [14]). Let f : [a, b] — R and let r be a positive integer. If f is such that "~V is absolutely continuous on [a, b],
Xo € (a, b) then forall x € (a, b) we have

f (X) = Trfl (f» Xo, X) + RT*] (fa X0, X)
where T,_1(f, Xo, -) is Taylor’s polynomial of degree r — 1, that is,

— f® (x0) (x — x0)*
Z k!

Tr—l (fv Xo, X) =

k=0

and the remainder can be given by

X _\—=1£(r)
Res oo = [ S22 O ©)

By a simple calculation, the remainder in (6) can be rewritten as

X—X, _ _ =1 )
R (f %0, ) :f O (x—xo—t)'f (X0+t)dl_
0 (T — 1)'

which helps us to deduce a similar representation of f as follows

r—1
f(x+u>=2 f”‘)(X)+/( — f(”(ert)dt (7)
k=0

Proof of Theorem 3. Define
X
F (x) =/ f (@ dt.
a
By Fundamental Theorem of Calculus

1(f) =F(b) — F (a).

Applying Lemma 5 to F(x) withx = aand u = b — a, we get

R e
F (b) = F (a) +Z F(k)( )+f TF“"“) (a+t)dt
O .
which yields
b b=t (h—a—t)"
1(f) = Z—( 0 )F<’<>()+/ boa-t” ' ) F™D (a+t)dt.
=1 <! 0 m!
Equivalently,

m—1 b—a m
_ 00y f b—a—-0" m
I(f)—; (k+1)'f @+ | ™ @+ e,

For each 1 £i < n, applying Lemma 5 to f (x) withx = aand u = x;(b — a), we get

m—=1  k Xi(b—a) (y. (b _ _ pgym—1
Fa+x(b—ay) le (b a) f(k)( )+/ *xi(b—a) -1t f(m) (a+t)dt

s (m—1)!
m—1  k k b—a ,m a4 ym—1

_ Xi ( (1) f(k) (a) + / Xi (b(m a_ ])L:) f(m) (a + xju) du. (8)
k=0 '
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By applying (8) toi = 1, n and then summing, we deduce that

n —1

Zf<a+xl<b—a>)—z

i=1

k b—a ,,m a4 aym—1
X; (b a) f(k)( )+Z/ X; (b(ma_ 1)1'1) f(m) (a + xu) du

st

=0

M:

—1

3

X fo-of b=a xm (b—a u)m-1
! e T Z/ 1 ™ (@ + xu) du

i

=
Il
L&

b b—a b— m—1
(5(—1—1)' ——— Y (a )-I—Z/ i ( a )‘) F™ (@ + xu) du.
k=0

Thus,

m—1 (b )k—H

b—a m—1
-y ) Z X' (b —a-WT i d
Q(f?n’m7xla"'7xn)_k < (k—i—l)' f ()+ - 1/ )' f (a+xlu) u.

Therefore,

b—a _
HE) —Qf,n,mxq, ..., x| = f (ba—f<m>(a+t)dt—bTa
0

m!

b (b —a—u)™! -
X Z/ r— ™ (a4 xu) du

b (M _
/‘ (b—x) f(m) (x) dx — b—a
a m! n

n b X:»n (b _ x)mfl -
X ;/a Wf (1 — %) a+ xx) dx| ,

which yields

|I(f)_Q(fvn7m’xl9"'vXﬂ)| =

b T b
f (b—X) |:f(m) x) — L‘/‘ f(m) () dt:| dx
. m! b—ale

_ n b ym p _ yym—1
_b—a Z/ X (b=0"" |:f(’") (1 —x;) a+xx)
i=174d

n (m—1)!

1 b
b 4\ b
[ et [ oo

b—a | P b—0""
+2° Z/ﬂ—[f (1= x) a+x0)

— (m—1)!

1 b
— / F™ () dt |dx|.
p— a a
We note by the Holder inequality that

/ il [f“")() L / £ (6 dt} dx
< (/ab[(b ;;‘)m]zdxf (/ |:f(”’) (x)——/ Fm (t)dt:|2 x)z.
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We now compare the last integral on the right-hand side of the above inequality with /o (f ™). More precisely, one has

b 1 b 2 %
R Y

/[f(nn(x) f(m_”(b)—}‘(’““)(‘1)]2dx>2
a b—a

b (m—1) (m—1) (m—1) _ £(m=1) 2 %
/[(f<m> o) o o [ 1 @ (f b~/ <a>> ] dx)

( b—a b—a
b (m—1) _ £(m=1) b b f(m—1) _ £(m=1) 2 7
([ o O g [T
b (m—1) _ f(m=1) (m—1) (m—1) 2 3
( / [ o a2 O =1 @] [f (b)— f <a>} (b_a))
b—a b—a
b (m—=1) (m—1) 2\ 2
B w2 ") =D @]
_(/a [F™ (0] dx P—
£ ) = @)
(m)
(it [y [ )
b 2 %
=+b ( f [F™ 0] 7 [ fa Fm (x)dx])
o (Fm).
Hence,
P b—x" (b — a2
/ T[f“") (0 — f fm (r)dr] I (10)
a . m
Again by the Hoélder inequality, one obtains
m—1
f "((ri;"))[f“) (- x,>a+x1x>—— / fom (t)dt]

bFym (p _ yym—172 2 b b 2 3
g(/ [Xt(b—x)} dx) (/ [f(’") ((1—x,~)a+x,'x)—L/f<’“> (t)dt:| dx) )
a (m—1)! a b—al,

Clearly,

b b —xm ' : N X (p—amh
( [ (m— 1] ]dx> (m—l)'(/ b= d") -l yam—1

b 3
(f [f(”” ((1—x1)a+x,x)——/ fm (t)dt] dx)
1 (1—x;)a+x;b 1 b 2 %
(— f [f(”” o) — —— / F™ (6) dt:| dy)
Xi Ja b—a a

1

1 b 1P 2 \?
(— / [f(”” o) — —— / F™ (1) dti| dy)
Xi Ja b—a a

and

I
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— 1 ’ (m) 1 ’ (m) ’ %
—ﬁ(/a o5 [rmoal e

1 1
= RV e )

Therefore,
/b X;n (b — x)m_l |:f(m) ((1 _ Xi) a+ Xix) _ ; /bf(m) (t) dt:| dx
. (m—1)! b—al
(b—ay"?
(m-1nv2m—-1

A

X

m—1
i

o (f(m)).

Thus,

n

b ,m _ m—1 b
[ O [ o0 [ ]
i=1 1va ’ ‘

nb— a)’"_%
T ml/2m—1

Combining (10) and (11) gives

o (fm). (11)

b-—a™: b—anb-—am?

+ o (fm),
m!y/2m+ 1 n m!ly2m—1

|I(f)_Q(f’nam’X1,-,Xn)|§(

or equivalently,

o (f(m))

1 1 )w-m“é

I(f)—Q(f,n,mxy, ., %) | <
I —Q(f,n,m, X1, ., %) | (\/2m+1+\/2m—1 o

which completes the proof. O
3. Examples

In this section, by applying our main theorem, we will obtain some new inequalities which cannot be easy obtained
from [10].

Example 6. Assumen = 6,m = 1,2,or 3. Clearly x; = 0,x; = X3 = x4 = X5 = % and xg = 1 satisfy the following linear
system
6
X1+x+--+X = 5
bt =
k. o e = —,
1T% 67 i 1
xm+xm+..._|_xm: L
1 2 6 m4 -l

Therefore, we obtain the following inequalities

b b—a a+b 1 1 (b—a)y™2 -
/ﬂf(t)dt—T(f(a)+4f<T)+f(b)>‘S(\/2m+1+\/2m_1) Ve ™).

Example 7. Assume n = 3, m = 3. By solving the following linear system

X1+%X + X3 =

2 2 2
X1 +Xx +x3=

ARlWWlwN | w

3 3 3 _
X]+Xx,+x3=
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we obtain {x1, x5, X3} is a permutation of

1 1 2 1 2
—1— = 1:|:£ = 1:i:£
2 2 2 2 2

Therefore, we obtain the following inequalities

b _
/af(x)dx—b?,—af a+ 1—% 11‘/; (b — a)

+f(a+%(b—a))+f a+ 1—% H:‘/; (b —a) <%(b—a)im.

Example 8. If n = 2, m = 2, then by solving the following system

2
X1+X2=5,
2
2 2 _ 4
x1+x2_3,
we obtain
1 V31 3
’ = _:t_i_ -
(X1, X2) 5T 63T 6
We then obtain
b V3 3
dx — —— —— — | (b— —+—1(0b-
af(X)X f 3 6( a)+fa+2+6( a)
V3+4/5 5
s = -0?/o (")
24/15 ¢
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