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Abstract

In this paper, we are interested in solving the following partial differential equation

—Agu+ Ru= fult?/n

on a compact strictly pseudo-convex CR manifold (M, 6) of dimension 2n + 1 with n > 1. This problem
naturally arises when solving the prescribing Webster scalar curvature problem on M with the prescribed
function f. Using variational techniques, we prove several non-existence, existence, and multiplicity results
when the function f is sign-changing.
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1. Introduction

The problem of finding a conformal metric on a manifold with certain prescribed curvature
function has been extensively studied during the last few decades. A typical model is the prescrib-
ing scalar curvature problem on closed Riemannian manifolds (i.e. compact without boundary).
More precisely, let (M, g) be an n-dimensional closed manifold with n > 3. A conformal change
of metrics, say § = u*/ =2 g, of the background metric g admits the following scalar curvature

e <_4(n—1>

Scalg =u" =2 Agu + Scal, u

g L_2 ¢ 4 )

where A, = div(V) is the Laplace-Beltrami operator with respect to the metric g and Scaly is
the scalar curvature of the metric g. For a given smooth function f, it is immediately to see
that the problem of solving Scaly = f is equivalent to solving the following partial differential
equation

_4(n -1

ﬁAgu—i—Sca]gu:fu% on M (]1)

for u > 0. Clearly, this problem includes the well-known Yamabe problem as a special case when
the candidate function f is constant. While the Yamabe problem had already been settled down
by a series of seminal works due to Yamabe, Trudinger, Aubin, and Schoen, Eq. (1.1) in its
generic form remains open, see [1]. Since Eq. (1.1) is conformal invariant, when solving (1.1),
one often uses the so-called Yamabe invariant to characterize the catalogue of possible metrics
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g which eventually helps us to fix a sign for Scal, which depends on the sign of the Yamabe
invariant.

While the case of positive Yamabe invariants remains less understood especially when (M, g)
is the standard sphere (S", gs»), more or less the case of non-positive Yamabe invariants is well-
understood by a series of works due to Kadzan—Warner, Ouyang, Rauzy, see [29-31] and the
references therein. Intuitively, when the background metric g is of negative Yamabe invariant,
i.e. Scaly < 0, the condition |, v Jdvg < 0 is necessary. Clearly, the most interesting case in this
catalogue is the case when f changes sign and f y Jdvg < 0. Inliterature, there are two different
routes that have been used to solve (1.1). The first set of works is based on the geometric imple-
mentation of the problem where one fixes Scal, and tries to find conditions for the candidate f,
for example a work by Rauzy [31]. In [31], it was proved by variational techniques that when
the set {x € M : f(x) = 0} has positive measure, Scal, cannot be too negative. In fact, | Scal, | is
bounded from above by some number A s, depending only on the set {x € M : f(x) > 0}, which
can be characterized by the following variational problem

S IVl dig

inf DML "& 778
Ap=ued [y u’dug

400, if & =0,

i 0, 12

here f* = max{=£f, 0} and

JZ%:iuEHl(M):u)O,uiO,/lf_ludp_g=0}.
M

In addition, it was proved in [31] that if sup,, f T is small enough compared with f~, Eq. (1.1)
admits at least one positive smooth solution. In the second route, one can free (1.1) from geome-
try and fix f instead of Scalg, for example two works by Ouyang [29,30]. In these works, using
bifurcation method, Ouyang proved, among other things, that depending on how small | Scaly |
is Eq. (1.1) always admits either one or two positive smooth solutions. As far as we know, this is
the first multiplicity result for (1.1) when Scal, < 0.

As a natural analogue of the prescribed scalar curvature problem for the CR geometry, one
can consider the prescribed Webster (pseudo-hermitian) scalar curvature problem on compact CR
manifolds which can be formulated as follows. Let (M, 8) be a compact strictly pseudo-convex
CR manifold without boundary of real dimension 2n + 1 with n > 1. Given any smooth function
h on M, it is natural to ask: Does there exist a contact form é\conformally related to 0 in the
sense that 0 = u*/"0 for some smooth function u > 0 such that h is the Webster scalar curvature
of the Webster metric gz associated with the contact form 0?7 Following the same way as in the
Riemannian case, the Webster metric gg associated with 0 obeys its scalar curvature which is
given by

Scaly=u""n

n 2 1
—u <_—(n+ )Agu—l—SCalg M),
n

where Ag is the sub-Laplacian with respect to the contact form 6, and Scaly is the Webster scalar
curvature of the Webster metric gg associated with the contact form 6. Clearly, the problem of
solving Scalg = h is equivalent to finding positive solutions u to the following PDE
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Scalyu = ———hu'*2/"  on M. (1.3)

n
—A -
R TP 2n+ 1)

When £ is constant, Eq. (1.3) is known as the CR Yamabe problem. In a series of seminal papers
[16—18], Jerison and Lee extensively studied the Yamabe problem on CR manifolds. As always,
the works by Jerison and Lee also depend on the sign of following invariant

2+2/n)|Voul} + Scalg u*] 0 A (d6)"
ey Il 2T o n )
ueST (M), u0 (foy 2276 A (d)n)" "V

I

where S%(M ) is the Folland—Stein space, see Section 2 below. Later on, Gamara and Yacoub
[13,14] treated the cases left open by Jerison and Lee. On the contrary, to the best of authors’
knowledge, only very few results have been established on the prescribed Webster scalar curva-
ture problem, see [9,11,15,23,32], in spit of the vary existing results on its Riemannian analogue,
see [2-8,20-22,28] and the references therein. Among them, Refs. [23] and [32] considered the
prescribing Webster scalar problem on CR spheres; Ho [15] showed, via a flow method, that Eq.
(1.3) has a smooth positive solution if both the Webster scalar curvature Scalg and the candidate
function 4 are strictly negative.

The primary aim of the paper is to carry the Rauzy and Ouyang results from the context of
Riemannian geometry to CR geometry. As such, in this article, we investigate the prescribing
Webster scalar curvature problem (1.3) on compact CR manifolds with negative conformal in-
variants, that is to say w(M,0) < 0. To study (1.3), we mainly follow the Rauzy variational
method in [31] plus some modification taken from a recent paper by the first author together
with Xu in [25], see also [24,26,27]. Loosely speaking, in [25], they proved some existence and
multiplicity results of the Einstein-scalar field Lichnerowicz equations on closed Riemannian
manifolds which includes (1.1) as a special case.

Before stating our main results and for the sake of simplicity, let us denote R = n Scalg /
(2n+2) and f =nh/(2n + 2). Then we can rewrite (1.3) as follows

—Apu+ Ru= fu't?"  on M. (1.4)

Our main results are included in the three theorems below. First, we obtain the following exis-
tence result when f changes sign.

Theorem 1.1. Let (M, 0) be a compact strictly pseudo-convex CR manifold with a negative
conformal invariant of dimension 2n + 1 with n > 1. Suppose that f is smooth function on M
satisfying fM fOAdN" <0, supy, f >0, and |R| < Ay, where Ay is given in (2.1) below.
Then:

(a) There exists a constant C; > 0 depending only on f~ which is given by (4.1) below such that

if
-1

(S}épf+) f lf71oA@o)" | <Ci, (1.5)
M

then Eq. (1.4) possesses at least one smooth positive solution; and
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(b) if we suppose further that

-1

(sup f1) /fCDN@/\(dG)" <0, (1.6)
M
M

and that

/fcpNe AdO) >0 (1.7)
M

for some smooth positive function ® in M and some positive constant C3, given in (4.11)
below, depending on ®, then Eq. (1.4) possesses at least two smooth positive solutions. In
addition, if the function ® satisfies

2 -2 n

Vo @5 1Pl STET (1.8)
and | @||y < 1 then the constant C is independent of ®.

(c) However, for given f, the condition |R| < Ay is not sufficient for the solvability of (1.4) in
the following sense: Given any smooth function f and constant R < 0 with sup,, f >0,
f u SO A(dO)' <O, and |R| < Ay, there exists a new continuous function h such that
supys i > 0, thB A (dB)' <O, and A, > Ay but Eq. (1.4) with f replaced by h has no
solution.

Then, in the next result, we focus our attention on the case when f < 0. Although the condi-
tion |R| < Ay is not sufficient in the case sup,, f > 0, nevertheless, in the case sup,, f =0, we
are able to show that |R| < A is sufficient, thus obtaining necessary and sufficient conditions
for the solvability of (1.4). To be exact, we shall prove the following theorem.

Theorem 1.2. Let (M, 0) be a compact strictly pseudo-convex CR manifold with a negative
conformal invariant of dimension 2n + 1 with n > 1. Suppose that f is a smooth non-positive
Sfunction on M such that the set {x € M : f(x) = 0} has positive measure. Then Eq. (1.4) has a
unique smooth positive solution if and only if |R| < A .

Finally, we show that once the function f having sup,, f > 0 and [ u SO Ao <0is
fixed and if |R| is sufficiently small, then Eq. (1.4) always has positive smooth solutions. The
following theorem is the content of this conclusion.

Theorem 1.3. Let (M, 0) be a compact strictly pseudo-convex CR manifold with a negative
conformal invariant of dimension 2n + 1 with n > 1. Suppose that f is smooth function on M
satisfying | uf OAdO)" <O, supy f > 0. Then, there exists a positive constant C3 given in
(5.4) below such that if |R| < Cs, there Eq. (1.4) admits at least one smooth positive solution.

Let us now briefly mention the organization of the paper. Section 2 consists of preliminaries
and notation. Also in this section, two necessary conditions for the solvability of Eq. (1.4) are also
derived. In Section 3, we perform a careful analysis for the energy functional associated to (1.4).
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Having all these preparation, we prove Theorem 1.1(a)—(b) in Section 4 while Theorems 1.2,
1.3, and 1.1(c) will be proved in Section 5. Finally, we put some basic and useful results in
Appendices A, B, and C.

2. Notations and necessary conditions

To start this section, we first collect some well-known facts from CR geometry, for interested
reader, we refer to [10].

As mentioned earlier, by M we mean an orientable CR manifold without boundary of CR
dimension n. This is also equivalent to saying that M is an orientable differentiable manifold
of real dimension 2n + 1 endowed with a pair (H(M), J) where H(M) is a subbundle of the
tangent bundle 7' (M) of real rank 2n and J is an integrable complex structure on H (M). Since
M is orientable, there exists a 1-form 6 called pseudo-Hermitian structure on M. Then, we can
associate each structure 6 to a bilinear form Gy, called Levi form, which is defined only on
H(M) by

Go(X,Y)=—-(dO0)(JX,Y) VX,YeH(M).

Since Gy is symmetric and J-invariant, we then call (M, 6) strictly pseudo-convex CR manifold
if the Levi form Gy associated with the structure 0 is positive definite. The structure 6 is then a
contact form which immediately induces on M the volume form 6 A (d9)".

Moreover, 6 on a strictly pseudo-convex CR manifold (M, 6) also determines a “normal”
vector field 7 on M, called the Reeb vector field of 6. Via the Reeb vector field 7', one can extend
the Levi form Gy on H (M) to a semi-Riemannian metric gg on 7' (M), called the Webster metric
of (M, 0). Let

wyg:T(M)—> H(M)

be the projection associated to the direct sum T(M) = H(M) & RT. Now, with the structure 6,
we can construct a unique affine connection V, called the Tanaka—Webster connection on 7 (M).
Using V and mg, we can define the “horizontal” gradient Vg by

Vou =nygVu.

Again, using the connection V and the projection mg, one can define the sub-Laplacian Ag
acting on a C2-function u via

Agu =div(ryg Vu).

Here Vu is the ordinary gradient of u with respect to gg which can be written as go(Vu, X) =
X (u) for any X. Then integration by parts gives

/(Aeu)f9 A@o)" =— /(Veu, Vo flo0 A (do)"
M

M
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for any smooth function f. In the preceding formula, (, )y denotes the inner product via the Levi
form Gy (or the Webster metric gg since both Vyu and Vyv are horizontal). When u = v, we
sometimes simply write |Vou|? instead of (Vou, Vou)s.

Having V and gy in hand, one can talk about the curvature theory such as the curvature tensor
fields, the pseudo-Hermitian Ricci and scalar curvature. Having all these, we denote by Scalg the
pseudo-Hermitian scalar curvature associated with the Webster metric gg and the connection V,
called the Webster scalar curvature, see [10, Proposition 2.9]. At the very beginning, since we
assume w(M, ) < 0, we may further assume without loss of generality that Scaly is a negative
constant and that

vol(M, 6) =f 0 A(dO) =1
M

since there always exists such a metric in the conformal class of 6. In particular, R < 0 is con-
stant.

In the context of CR manifolds, instead of using the standard Sobolev space H'!(M), we find
solutions of (1.4) in the so-called Folland—Stein space S% (M) which is the completion of C*° (M)
with respect to the norm

1/2

llull = /|v9u|2 9/\(d9)"+/|u|2 0 A (dO)"
M M

For notational simplicity, we simply denote by || - ||, and || - ”Sf( M) the norms in LP (M) and

S%(M ) respectively. Besides, the following dimensional constants

N=2+4+—-, 22=2+4-—
n n

will also be used in the rest of the paper. Suppose that f is a smooth function on M and as before
by f* we mean f~ =inf(f,0) and f* = sup(f, 0). Similar to (1.2), we also define

Jus IVoul?6 A (d6)"

inf it 20,
hp=ues [ 2 On@Oy 7 2.1)
400, if o =0,

where the set 7 is now given as follows

g/:{uesf(M):u>0,u¢o,/|f*|u 9/\(d9)"=0}.
M

Since we are interested in the critical case, throughout this paper, we always assume g € (2°, N).
Moreover, we will use the following Sobolev inequality

lully < % IVull3 + 4 llull3. (2.2)
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If we denote € = K + A4, then we obtain from (2.2) the following simpler Sobolev inequality

lullfy < Cllulige 2.3)

Notice that %3 may not be the best Sobolev constant for the embedding S%(M yes LN(M). If
the manifold is the Heisenberg group or CR spheres, then the best constant has been found by
Jerison and Lee in [18] (see also [12]). However, for generic CR manifolds, we have not seen

any proof of the best Sobolev constant. Hence, in the present paper, it is safe to use the inequality
(2.3).

2.1. A necessary condition for f

The aim of this subsection is to derive a necessary condition for f so that Eq. (1.4) admits a
positive smooth solution.

Proposition 2.1. Suppose that Eq. (1.4) has a positive smooth solution then fM fOA(do) <O.

Proof. Assume that # > 0 is a smooth solution of (1.4). By multiplying both sides of (1.4) by
u' N integrating over M and the fact that R < 0, we obtain

/(—Agu)ul_N 0 A (dO)* > [f 0 A (dO)".
M M
It follows from the divergence theorem that
/(—Agu)ul_N O Ao =(1— N)/u_N|Vgu|2 0 A (dO)".
M M

This equality and the fact that N > 2 imply that |, wf OA(dO) <0asclaimed. O
2.2. A necessary condition for R

In this subsection, we show that the condition |R| < A is necessary if Ay < +00 in order
for Eq. (1.4) to have positive smooth solutions. As in [25], our proof makes use of a Picone type
identity as follows

Lemma 2.2. Assume that v € S%(M ) withv > 0 and v # 0. Let u > 0 be a smooth function. Then
we have

A 2
/|V9v|2 eA(de)"z—/i”vz 0/\(d9)”+fu2‘V9<£)‘ 0 A (dO)".
u u
M M M

Proof. It follows from density, integration by parts, and a direct computation. We omit the detail
and refer the reader to [24] for a detailed proof in the context of Riemannian manifolds. O



Q.A. Ngo, H. Zhang / J. Differential Equations 258 (2015) 4443-4490 4451

Proposition 2.3. If Eq. (1.4) has a positive smooth solution, then it is necessary to have |R| < L.

Proof. We only need to consider the case Ay < 400 since otherwise it is trivial. Choose an
arbitrary v € o/ and assume that u is a positive smooth solution to (1.4). Then it follows from
Lemma 2.2 and (1.4) that

/|V9v| 0 A (dO)" = /—v 0 A (dO)" + /MZ’V(;(E)‘z@/\(d@)"

|R|/v 0 A (dO)" + /fuN 202 0 A (dB)"

+/u2‘V9(;)‘ 6 A (d6)"

M

2
>|R|/v2 9/\(d9)"+/u2‘V9(3)‘ 0 A (d)".
u
M

M
Hence, we have
-1

/|V9v|2 0 A (dO)" /v2 0 A (dO)"
M

M
—1

2 v, |2 n 2 n
> |R|+ /u ’ve(;)‘ 6 A (d6) /v on@oy | | 2.4)

M M

which implies by the definition of A ¢ that Ay > |R| > 0. Observe that v/u € <. Then we have
5 ~1
(/u2 (3)‘ 0 /\(d@)")(/vz 9/\(d9)">
M “ M
) -1
_ (/;ﬂ (g)) 9/\(d9)"></u2(£)2 6 A (d0)">
M

M

—1
mf” (/‘vg 0 /\(de)”)</(3)2 0 A (dé))”)
supu u

M

> g CES:{) . 2.5)

Combining (2.4) and (2.5) yields

infu \2
Af = |R|+)Lf<supu) .

The estimate above and the fact A y > 0 gives us the desired result. O
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3. The analysis of the energy functionals
As a fist step to tackle (1.4), we consider the following subcritical problem
—Agu+ Ru= ful™". 3.1

Our main purpose is to show the limit exists as ¢ — N under some assumptions. It is well known
that the energy functional associated with problem (3.1) is given by

1 R 1
Fq(u)z5/|V9u|20/\(d@)"+5/u29A(d9)”—5/fuq 0 A (dO)",
M M M

where u is a function that belongs to the set
2 . 1
Brg={ueSTM):u>0,|ul, =k"4}.
Note that % 4 is not empty since k'/7 € % ,, hence we can set

= inf F,(u).
I‘Lk,q ue;%k_q ({( )

It is not hard to see, by the Holder inequality, that F,(u) > RK?//2 — (supys f)k/q for any
u € %y 4. Hence

R k
Wkg = Ekz/q — —sup f, (3.2)
q M

which implies that 1y , > —00 so long as & is finite. On the other hand, using the test function
u = k'/4, we further obtain

R 2 &k n
g < 540 == [ 0 n oy (33)
M

which implies that py , < +00.
3.1. k4 is achieved
In this subsection, we show that if k and ¢ are fixed, then px 4 is achieved by some smooth

function, say u,. Indeed, let (u); be a minimizing sequence for pix,4 in %y 4. Then the Holder
inequality yields [lu; > < k4 and since Fy(uj) < g g + 1 for sufficiently large j, we arrive at

SIVujlls < pkg + 1+ —sup f— k9.

Hence, the sequence (u;); is bounded in S%(M ). By the Sobolev embedding theorem, up to a
subsequence, there exists u, € S%(M ) such that
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Hk,q
]C* ]f() kl,q E2 q
A :

Fig. 1. The asymptotic behavior of u 4 when supys f > 0.

e u; — uy weakly in S%(M), and
® u; — ug strongly in L9(M).

This shows that u,; > 0 and [|u, ||Z = k. In particular, we have just shown that u, € % ,. Since
F, is weakly lower semi-continuous, we also get px,q = lim;j o0 Fy(u;) > Fy(ug). This and
the fact that iy 4 € %y 4 thus showing that py 4, = F,(uy). We are only left to show the smooth-
ness and positivity of u,. The standard regularity theorem and maximum principle show that
ug € C*°(M) and u, > 0, see for example [16, Theorem 5.15].

3.2. Asymptotic behavior of ik 4

In this subsection, we will describe the asymptotic behavior of i , as k varies which can be
illustrated in Fig. 1.

First, we study p,, when k is small. Obviously, when k = 0, we easily see that uo 4 = 0.
When k > 0 and small, we obtain the following result.

Lemma 3.1. If supy, f > O, then there exist ko such that py 4 <0, for all 0 < k < ko. Moreover,
there is a positive number k, < 1 independent of q with k. < ko such that jui, 4 < ik, .q < 0.

Proof. First, we solve the following equation

L. 24 ko 12

2 o 0 A (dO)* = =Rk>1

JRE; q/f @) = R
M

to obtain

q/(q=2)
ko=< q|R| ) _
4l [y, £ 0 A (dO)]

It is not hard to see that for such choice of ko, we have 4 < 0 for all 0 < k < k. Observe that

IR 2°/(2-2)
ko > < ) .
27y 7 07 @] +IR)

Then, it follows from (3.3) and R < O that

2/(2"=2
Hiog < D2 < 5( [R] ) e (3.4)
8 8\2(| [y, f 0 AdO)"|+IRI)
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Keep in mind that 2/(2” — 2) = 2n. Now, let k < 1 solve the following inequality

B Lo 5 ( L ) 35)
2 qa u’ " 8\2( [y, fOA@O+IR)/) '

which is equivalent to solving

|R|< |R| )Zn |R| 2/ k
> —k714+ —sup f
2( )

— -
8 \2(| [y f 0 A @@0)"]+IR| 2 q m
>|R|k+k /.

Z 0 -~ sup J,

N TSP

where we have used the fact that ¢ > 2 and k < 1. Hence, we have

___ NIR| ( IR| )M 36
S 8(IRI+supy HN2(] [y £ 0 A O] +IRI)) '

‘We then set

L NIR| ( IR| >”
" T16(R 4+ supy HIN2(] [y, £ O A @O +IRI))

Then, thanks to N < 4, clearly k. < 1 and k, is independent of ¢g. In addition, thanks to 2P /
(2" —2) =2n + 1, a simple calculation shows that

IR| 2 /(2°—-2)
k* < k ’
<<%ny9Awmﬂ+mD) ¢

Finally, since k, satisfies (3.6), we conclude from (3.2), (3.4) and (3.5) that px, 4 < fk,,q <0 as
claimed. O

Next, we will study the asymptotic behavior of ux , when k — +00. But before doing so, we
want show that if sup,, f > 0, then 4 is bounded above by a constant which is independent
of g. This fact will play some role in our later argument.

Lemma 3.2. If sup,, f > O, then there is some k., > 1 sufficiently large and independent of q
such that py 4 < 0 for all k 2> k.

Proof. Choose xo € M such that f(xg) > 0, for example, we can select xo in such a way
that f(xo) = sup,, f. By the continuity of f, there exists some rg sufficiently small such that
f(x) >0, for any x € B,,(xo) and f(x) > 0 for any x € Bay,(x0). Let ¢ : [0, +00) — [0, 1] be
a smooth non-negative function such that

1, Ogsgrg,
0, s>4r.

¢(S)={
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For small r, it is clear that the function dist(x, xo)? is smooth. We then define

w(x) = ¢dist(x, x0)%), xeM

and set

g(t)sze“” 0 AdO)", teR.
M

Obviously, g is continuous and g(0) < 0 by the assumption | utS OA(dO)" <0.Forany t € R,
we have

¢(1) ;( sup f+) / e 0 A (dO)" +[f_e”” 0 A (d6)"
M

B ro (x0) Bro (x0)

> (_sup £ vol(Byy (xoNe - / 7167 @0y

Bro o) M\By, (x0)

Hence, there exists some #y sufficiently large such that g(z9) > 1 for all r > f9. Moreover, we
have

g = / fwe™ 6 A (dB)"
M

= / Frwe'™ 6 A (do)" >0,

Bayy (x0)

which implies that g(¢) is monotone increasing and g(¢) > 1 for any ¢ > typ. Now, let v(x) =
ce™  x € M, where ¢ is a positive constant chosen in such a way that lvlly = 1. By the
construction above, the function ¢0% is independent of g. Therefore,

—1
/qu 0 A (dO)" = cg(qto) > </eNf0w oA (d@)”) . (3.7)
M M

Starting with k > 1, since K1y € «@k,q, R <0 and ¢ < 1, we can estimate by (3.7)

1 1 k
Fytktv) < SR (180l + RIvl) = = [ 107 0 n oy
M

1 k !
< §k2/2b||Vge’°w||§ - N(f eNow g A (de)") : (3.8)
M

Due to the fact that 2/2° < 1, it is clear that right hand side of (3.8), as a function of k, decreasing
to —oo as k — +o0. Since it is independent of ¢, we obviously have the existence of some k,,
as in the statement of the lemma. 0O
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Remark 3.3.

(1) If supy, f <0, i.e. f is strictly negative everywhere, then we have Fy(u) > Rk 4
k|sup,, f1. Hence, if k is sufficiently large, then iy 4 > 0.

(2) The most delicate case is sup,, f/ = 0. We will conclude that there exists ko such that
Wk,q > 0 for all k > ko in the proof of Proposition below.

Before completing the subsection, we prove another interesting property of (x4, which says
that iy 4 is continuous with respect to k.

Proposition 3.4. iy , is continuous with respect to k.

Proof. Since py 4 is well-defined at any point k, we have to verify that for each & fixed and
for any sequence kj — k there holds ;4 — kg as j — +o00. This is equivalent to showing
that for any subsequence (kj); of (k;);, there exists a subsequence of (kj, )m of (kj); such
that Kk;j, g = Hk,q A m —> 400, For simplicity, we still denote (kj;); by (k;) ;. From Subsec-
tion 3.1, we suppose that w4 and ug; 4 are achieved by u € %y 4 and u; € By, 4 respectively.
Keep in mind that u and u are positive smooth functions on M.

Our aim is to prove the boundedness of (u;); in S%(M). It then suffices to control [|Vou ||, 2.
As in Subsection 3.1, we have

R kj
/|V9uj|29/\(d0)"<2 tig+1— =k + Lsup ). (3.9)
! 2 q M
M
Thus, it suffices to control 1k, 4. By the homogeneity we can find a sequence of positive num-
bers (z;); such that tju € %’kj,q. Since kj — k as j — 400 and kf/q = |ltjully = tjk2/q, we

immediately see that 7; — 1 as j — +00. Now we can use 7ju to control sk, 4. Indeed, using
the function #;u we know that

1 R 1
Mijq <17 5/|V9u|2.9A(de)”JrEfuzeA(are)" —;t;.]/fuqé‘/\(dé‘)". (3.10)
M M M

Notice that u is fixed and 7; belongs to a neighborhood of 1 for large j. Thus, (1, 4) j is bounded
which also implies by (3.10) that (|| Vou |2); is bounded. Hence (u;) ; is bounded in S%(M).

Being bounded, there exists i € S%(M ) such that, up to a subsequence, u; — u strongly in
LP (M) for any p € [1, N). Consequently, lim;_, 4o l|lujlly = llit]l; = k*/9, that is, it € By 4. In
particular, F,(u) < F,;(u). We now use weak lower semi-continuity property of Fy to deduce
that

F,(u) < Fy(it) < liminf Fy (u).
J—>+00

We now use our estimate for jix; 4 above to see that lim SUP;j_, 4 oo Mkj,g < Fglu). This is due to
the Lebesgue Dominated Convergence Theorem and the fact that#; — 1 as j — +o00. Therefore,
limj, 400 Uk ;,g = Hk,g Which proves the continuity of uiq. O
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The next subsection is originally due to Rauzy [31, Subsection IV.3] in the context of Rie-
mannian geometry. However, this result still holds in the context of compact CR manifolds and
for the sake of clarity and in order to make the paper self-contained, we borrow the argument in
[31] to reprove [31, Subsection IV.3] in this new setting.

3.3. The study of A f,p.4
As in Rauzy [31], for given n > 0, we define

2

Voull3
m 3
ued (n,q) ||u||2

Afog =

where the set &7 (), ¢) is defined as follows

.y = fue S0 1> 0.l =1, [ 177t 0 £ @0 =n [ 1771 0 o))
M M

Also define

2
S I Voull;
Fa = e gy ul?

with

o1, q)={u e St iu>0, ||u||q=1,f|f*|u‘f 9A(d9)”<n/|f’l 0 A (@0)"}.
M M

Notice that <7 (17, ¢) is not empty, since there always exists a C* function u such that ||u|, = 1
whose support set is in the set

{xeM:|f—|(x) < nf|f—| 9/\(d9)"}.
M

According to the curvature candidate f, we will split our argument into two cases.

Case I. Suppose the set {x eM: f(x) = O} is not small, that is equivalent to saying

16 A(@do)" >0.

{f=0}

If the preceding inequality hold, then it is not hard to see that <7 is not empty, hence, A y < +00.
We are going to show that A 7, , — A ¢ as n — 0. But before doing so, we want to explore some
properties of A ¢ 4.

/

Lemma 3.5. For any n > 0 fixed, there holds A 7, 4 = At ng:
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Proof. Since <7 (n,q) C </'(n,q), we have Ay, , > )‘/f»n,q' Now, we claim that Az, , <

)L’fnq Let (vj)j C #'(n,q) be a minimizing sequence for }‘/f,n,q’ then it follows from
Vov; ||2||vj ||2 — )Jf g that v; form a bounded sequence in S%(M). By a common procedure

that has already used several times, up to a subsequence, there exists v € S% (M) such that

e v; — v weakly in S%(M) and
e v; — v strongly in L*(M) and L9(M).

Consequently, [[v[ly =1, [[v[l2 =1lim;_  ||v; [|2, and the following holds

flf_lvq 9/\(d9)”<n/|f_|~
M M

This particularly nnphes v e (n,q). Since || Vgvl|la < lim;_ o || Vovil|l2 also holds, we con-
clude further that | Vgv || lvlly 2 A’f . Thus, 1/ g is achieved by the function v. To rule out
the possibility of a strict 1nequahty, ie. the following

/lf_|vq9/\(d9)”=n/|f_|9/\(d9)” (3.11)
should occur, we assume by contradiction that

/If_lv" O A(do)' < '7/ |71 0 A (o)

M M

holds. Hence, there exists a positive constant « such that

/If_l(v +a)? 9/\(d9)”=n/|f_l 6 A (do)".
M

Then |[v +a|l; > 1 and thus
1V (v + ) 31w +ally? < [Vavl vl 2 = 1), -

Keep in mind that (v + a)[lv +all; led! (n,q), we then obtain a contradiction to the defi-
nition of )Jf’ , which implies that (3.11) holds. Hence, v € &/(5, ). Then, we get Ay, , <

||V9v||%||v||2 )Jf na . The proof now follows. O
Lemma 3.6. As a function of n, A f,y,4 is monotone decreasing and bounded by X y.

Proof. From Lemma 3.5, it suffices to show that A f . q is monotone decreasing. Indeed,

if n1 <2, then &' (n1,q9) C & (n2,q). Hence, )”fm g )‘/fr;zq Moreover, if n = 0, then

Afnq=My. From the fact that Ag,, is decreasing with respect to #n, it implies that
Afng SAfp. O
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At this point, we will show the convergence of A 7, , as n — 0, which is the following lemma.
Lemma 3.7. For each q € (Zb, N) fixed, there holds A f,y 4 — Ay as n— 0.

Proof. Suppose that A 7, , is achieved by some function v, , € 27(5, q). Then v, 4 will form a
bounded sequence in Sz(M ) when 7 varies. It follows from the Holder inequality and Lemma 3.6

that ||lv; 4 ||2 1 and [|Vgv, 4 ||2 A f.n,q < Ar. Therefore, up to a subsequence, we immediately
obtain

e v, , — v weakly in S7(M) and
® vy, 4 —> V4 strongly in LZ(M) and LY(M).

Then, v, > 0, |lvyylly =1, and fM |f‘|v3 0 A (d9)" = 0. This implies that v, € </ and that
lvg ll2 = lim;)— ¢ [|vy,4 ||2. Furthermore,

||V9Uq||2 11m ()‘fn qllvn, q”z)

Af 11m ||v,7q||2 Arlvgl3,

which implies that ||V9vq||§||vq ||272 =Ay.Hence,Asy s — Arasn— 0. O

Lemma 3.8. For each fixed ¢ > 0, there exists ng > 0 such that for any n < no, there exists
qn € (2", N) such that Afng =Ap—eforallqge(qy, N).

Proof. By contradiction, we suppose that there is g > 0 such that for any 7o, there exists n < g
and for any corresponding ¢y, there exists ¢ > g, suchthat Ay, , <Ay —¢

Let v,, be a function which realizes Ay, , and [vy4ll; = 1. Then [lvu,4ll2 < 1 and
Vovy.q ||% lvy,q ||2_2 = At.p.q- For n chosen above, there exists a sequence ¢ — N such that

2 -2
IVovy.qlallvggll,” =Afng <Ar—e.

These v, 4 form a bounded sequence in S% (M). A standard argument the implies that there exists
a function v, such that v, , converges to v, weakly in S%(M ) and strongly in L2(M). We then
have || Vg, ||% < liminfy - v [[Vavy 4 ||%. This fact and the strong convergence in L3(M) imply
that

2 2
Vovyllz < (A f —&)llvgqll3-

By the Sobolev and Holder inequalities together with Lemma 3.6, we know that

2
< ||vr1,q||1v

IVovy.ql15 2
€<W + 1 ||U;7,q||2
1,912

<EOf 4+ Dllvgqll3.
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Hence, [|vy 4 |I% > [C s+ 1)]~!. Passing to the limit as ¢ — N, we obtain

1

I 3.12
oy llz O+ D) (3.12)

Next, let 1 <k < N, then for any ¢ > k, we have, by the Holder inequality, f M v’,‘;’ q < 1and

k/q 1-k/q
/|f*|v’,§,q 0 A (d0)" < (/|f|v3,q eA(de)") (/Ifl 9A(d0)">
M

M M

<n"/"/|f’| 0 A (dO)".
M

Letting ¢ — N yields

fvﬁgl
M

and

/If’lvﬁ 0 A (d6)" <n"/N/|f’| 0 A (d6)".
M M

Now, we let 79 — 0, then clearly n — 0. The boundedness of (v;) in S% (M) implies that there
exists v € S%(M ) which, by (3.12), is nonnegative and not identically zero such that up to a
subsequence

e v, — v weakly in S%(M) and
e v, — v strongly in L*(M).

Then v satisfies
IVoull3 < (hp —e)lvll3.

By the Fatou lemma, we have

— k n . . —1..k n
O</|f [v* 6 A (dO) <11m161f/|f |v77 0 A (dO)

7)4)

M M
glimigfnk/’v/uw 0 A (dO)" =0.
7]4)
M

In particular, we conclude that f ulf7Iv 0 A (d9)" = 0. Consequently, v € &/ and thus
||V9v||%||v||;2 = Ay, which is a contradiction. O
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Case II. Otherwise, we assume that

16AdO)'=0, supf=0.
M
{f =0}

In this case, it is easy to see that &/ = {J. Hence, A ; = +oc. However, we will show that A 7, ,
approaches to infinity as n goes to zero, which is the following lemma.

Lemma 3.9. Fix g € (2°, N), then Xfnq — Fooasn— 0.

Proof. Xy, , is achieved by a function v, , € &/(3, ). Assume that v, , can form a bounded
sequence in S%(M ) as n varies. Then, the standard argument shows that a subsequence of v, 4
converges weakly in S%(M) and strongly in L*(M) and L1(M) to vy with |Jvglly =1 and
fM | f~ |vg 0 A (d6)" = 0. Hence, v, = 0 a.e., which is clearly a contradiction. O

Lemma 3.10. There exists no > 0 such that for any n < no, there is g, such that Ay, , > |R| for
all g > qy.

Proof. We prove it again by contradiction. Let (;); be a sequence of 5 that tends to zero
such that there exists g; € (2°, N) such that A finj.q; < |R|. Notice that A g, 4, 1s achieved by a
function v; with [|vjlly =1 and | Vgv;ll3 < Afy,.q;- The sequence is then bounded in S7(M).
Hence, a subsequence of v; converges weakly in S%(M ) and strongly in L2(M) to a function v.
Moreover, there is a subsequence of g; converges to g with g € [2, N]. By the Fatou lemma, we
have

0</|f—|uq eA(de)”sliminf/If‘lvf" 0 A ()"
— 00
M ! M
<li'minfni,~/‘|f_| 0 A (d6)" =0.
J—00
M

Hence, fM |f~ v 6 A (d6)" =0, which implies that v =0 a.e. Thus ||v||» = 0. By the fact that
lim;j_ o ||V ||% = 0 and the Sobolev inequality €[|Vgv; ||% = 1-C|v; ||%, we obtain a contradic-
tion with the boundedness of A, 4;,. O

3.4. kg >0 for some k

With the properties of A s, , studied in the previous lemmas, we will prove that for some k,
Mi,q > 0.

Proposition 3.11. Ler g € (2°, N).
(i) Assume that supy, f > 0 and Ay > |R|, then there is some number no > 0 such that

A + R
6= fino.q

3
Io— > 20+ R). (3.13)
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Moreover, if we set

no . € IR
C,= inf =), (3.14)
4|R| C[1+|R|+2¢] 2

and if we suppose that
-1

(S}tllpf) /Iffl 0 A (do)" <Cy, (3.15)
M

then there exists an interval 1, = [ky 4, k1,4] such that j; 4 > 0 for any k € 1.
(i1) In the case supy; f =0, if

— either f{f}O} 10AdO)=0,

- or f{f}O} 16 A (d6)" #0 plus k. > |R|,

then there exists an interval 1, = [ky 4, +00) such that uy 4 > 0 for any k € 1.

Proof. (i) If sup,, f > 0 and Ay > |R|, then by Lemma 3.8, there exists 0 < o < 2 and its
corresponding gy, € (2°, N) such that

1
Og)tf _)‘-f,no,q < Z()‘-f - |R|)

for any g € (qp,,» N). This immediately implies (3.13). Now, let # > 0 be a non-identical zero
function in S2(M) such that |Ju||$ = k with

R
k4=2/q M / [f7] 0 AdO)".
70
M

Set

q/(q—2)

Rl [
kig = q—flf | 6 A (d6)"
no
M

We then consider the following two cases:

Case 1. Suppose
/If_luq oA (do)" > nok/ |71 0 A do)".
M M

Let

1 R 1 B
Gq(u)=5||veu||%+5||u||%+5/|f lu? 6 A (d6)".
M
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Then by the choice of k, we have

R k _
Gyu) > 5||u||%+'%/|f | 6 A (d6)"

|R|k2/q<2'70fM|f |9/\(d9)nk1 —2/q _ 1>
2 lg R|

|R|
2

Ly 70
Case 2. Suppose

flf_luq O A (dB)" < nok/If_l 0 A (dO)".
M M

In this case, we have k'/9u € </’ (n, ¢). It follows from Lemma 3.5 that ||V9u||%||u||£2 ZAfnog-
Hence,

Gyu) > ()‘fnoq‘i‘R)”MHz /|f*|uq 0 A (d6)"
2, 1 - n
=8||u|I2+5/|f 9 6 A (d6)".
M

Seta + B =¢,a = B/|R|. Then

Gyu) > Wﬁ(—n oul3 + /|f|uq9A<d9>"—Gq<u>)
M
+}If|f—|u‘f 0 A (dO)" +allul3,
M

which implies that

2
(1+ %)G @) > allull + L [ Vpull2

p alR|
= g (IVoul + == u1B).

By the definition of « and $ and the Sobolev inequality €(||Vou ||% + |lu ||%) > k%1, we have

B
IR

k24

Let
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i € |R|
m=miny ——— — .
C(1+|R|+2¢) 2

Then, from (3.16) and our assumption sup,, f < Cy fM |71 0 A(d6) with Cy =mno/4|R|, it
follows that

Fy(u) = Ggy(u) — ! / fru? 0 A (do)
q
M

k
>Gq(u)_ —supf
q9 M

k
> mk*/ — P / 1£71 6 A o),
M

for any k > ki 4. Now, if we suppose

gm q/(q—2)
= ( >
2Cq fM|f | 0 A (do)"

q/(¢=2)
=( 2q|R| ) —29/@-Dp,
o [y |F~1 0 A(dO) ’

then we can verify F, (1) > %mkz/q > 0. By setting k» , = 2‘1/(‘1_2)k1,q, we thus complete the
proof of this part.

(ii) If sup,, f =0, then F, () = G4(u). From the proof of (1), it easily follows that 14 4 > 0
forany k > ki 4. O
3.5. The Palais—Smale condition

For later use and self-contained, we will prove the Palais—Smale compact condition.

Proposition 3.12. Suppose that the conditions (3.13)—(3.15) hold. Then for each & > 0 fixed, the
Sfunction Fy(u) satisfies the Palais—Smale condition.

Proof. Assume that (v;); C S%(M ) is a Palais—Smale sequence for F;; (u), that is, there exists a
constant C such that

Fy(vj)—C, dF;(vj)—0, as j— oo.

As the first step, we show that, up to a subsequence, (v;); is bounded in S%(M ). By means of
the Palais—Smale sequence, we can derive

1 R 1
210l sl = / Flo;17 0 A @d0)" =C +o(1) (3.17)
M

and
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/(Vevj, Vo) 6 A (dO)" + R/v.,'f;‘ 0 A (dO)"

M M

- / fo47ls 0@ =0l (B18)

forany & € S%(M). By setting & = v; in (3.18), we obtain

IIVevj||§+RIIUjII§—/flvjlq 0 A(d)" =o(D)]vjllg2(ar) (3.19)

For simplicity, letus set k; = [Jv; ||§. We then consider the following two cases as in the proof of
Proposition 3.11

Case 1. Suppose that, up to a subsequence, (v;); satisfies
/If_llvjlq 0 A (d0)" = nok; / 710 A(do)".
M M

Using (3.14) and (3.15), we obtain

R Z/q nok;

Fy(vj) > /If |6A(d6>"——/f+|v 196 A (d0)"

kj
> Sk 4 10 /Iflé’A(dé’)" Tsup

R
> Sk + ”°’/|f | A (d6)" — f"°/|f | 6 A (d6)"

(7”°/|f |9/\(d9)")kf %kf“.

The estimate above and the fact that F,(v;) — C imply that (k;); is bounded, which, in other
words, means that (v;); is bounded in L”(M). Then from the Holder inequality and (3.17), it
follows that (v;); is also bounded in S%(M ).

Case 2. Otherwise, for all j sufficiently large, (v;); satisfies
[ 177117 6 Aoy <ok [ 1571 61 a0y
M M

Using (3.17) and (3.19), we have

I 2
_5/f|vj|q 0 A @) = ~—=5C+ oD sy, + o),
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Observe that, from the definition of Ay, 4, there holds ||[Vev; ||§ 2 Afnoqllvj ||%. This fact to-
gether with the equality above imply that

1 , R, 2
Fy(vj) > §||V9Uj||2 + 5||Uj||2 - mc +olvjlls2pry +o(1)
Mg T R 22
> (FLL2 o)y 1 - 3 (3.20)

Now, if ||vj]l2 — +00, as j — oo, then we clearly reach a contradiction by taking the limit in
the previous inequality since A7, , + R > 0 and F,(v;) — C. Therefore, (v;); is bounded in
L%(M), which in turn implies that ||[Vyv; |2 is also bounded in view of (3.20). Consequently,
(vj); is bounded in S%(M ). Combining cases 1 and 2, we complete the first step. Then, there
exists v € S% (M) such that up to a subsequence

e v; —vin S%(M),
e v; — v strongly in L*(M), and
e v; —>vae.in M.

Using (3.18) with & replaced by v; — v, we obtain

/(ngj,VQ(vj —0))g 0 A (dO)! +R/vj(vj —v) O A(dO)'
M M

—/fvj‘l(vj—u) 0 A (dO)" — 0
M

as j — oo. It is not hard to see that the second term will go to zero as j — oo. By using the
Holder inequality and the fact that v; — v strongly in L¥/(N=@=D)(1), we can conclude that
the third term goes to zero either. Hence, we obtain

/(V(g, Vo(vj —v))g 0 A do)y' -0
M
as j — oo. In view of the following identity

/|V9vj —V9v|2 N (d@)n =/(V9vj,V9vj — Vov)g 0 /\(d@)n
M

M
— /(ng, Vovj — Vgu)g 6 A o,
M

the fact that v; — v strongly in S%(M ) and Vyv; — Vyv weakly in L2(M), we obtain that
v; — v strongly in S%(M ). This completes the proof of the Palais—Smale condition. 0O
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4. Proof of Theorem 1.1(a)—(b)

The main purpose of this section is to prove Theorem 1.1(a) and (b). The key idea is to find
two solutions u; and uy. One of them is a local minimum of the energy functional with critical
exponent; the other is a saddle point. Then under a suitable assumption on f, we are able to show
that the energy level of u; and u; are different. Hence, u#| and u; are distinct which means that
Eq. (1.4) has at least two positive solutions.

4.1. The existence of the first solution

Proposition 4.1. Let f be a smooth function on M with |, ut O (dO) <0, supy f >0 and
|R| < Ay. If there exists a positive number Cy given by (4.1) below such that

-1

(S[l‘l})f) /If_IGA(dG)" <Ci,
M

then Eq. (1.4) admits at least one smooth positive solution.
Proof. From Proposition 3.11(i), it follows that there exist 179 and its corresponding g, € (2", N)

such that 6 = (Af50,4 + R)/2 > 3(As + R)/8 for any g € (gy,, N). By Lemma 3.6, we have
3(hf + R)/8 <& < (Ay+ R)/2, which implies that C, > C| where

Ci

1o .{3 Af+R |R|}’ @1

= min { — , —
4|R| 8C(1+Arp) 2

Note that C; is independent of g and hence never vanishing for g € (g;,, N). Observe that

' N|R| n+1
lim ky 4 = =/
q—N no [y |F~1 0 A(dO)"

and
lim ky , =2""1e.
qg—N
By Proposition 3.11(i) again, there exists an interval I, = (k1 4, k2 4] such that 1 4 > O for any
k € I;. In view of Lemma 3.1, we can conclude that k, < ko < k1 4 where k, and ko are given in
Lemma 3.1.
With the information above in hand, we now divide the proof into three claims for clarity.

Claim 1. Eq. (3.1) has a positive solution with strictly negative energy /ix, -

Proof of Claim 1. We define

Wk ,g = inf  Fy(u),
u€Dy 4
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where
Dg =l €SHM)  ky < [l <kig).

Since ki 4 is monotone function of g, we have ||u||Z <! for any u € Py 4. It follows from Sec-
tion 3.1 and Lemma 3.1 that 1, 4 is finite and strictly negative. Similar arguments to those in
Section 3.1 show that py, 4 is achieved by some positive smooth function u; 4. In particular,

Mk, ,q is the energy of u; 4. Obviously, u1 4 is a solution of (3.1). If we set [Juy 4 ||z =k, we then
immediately have k| € (ky, kus)-

Claim 2. Eq. (3.1) has a positive smooth solution u , with strictly positive energy ik, 4-

Proof of Claim 2. Let k* be a real number such that

Wir g =max{pg g i k1g <k <kagl

Obviously, ui+ 4 > 0. By Proposition 3.4, we can choose ki € (ko, ki,4) and ka € (k2,g, kus)
such that Ry g = My g = 0. By the argument in Section 3.1, we see that Mg and M, q CAN be
achieved, say by up, q and ug, 4 respectively. We now set

I'={y eC([0,1:S](M)) : y(O) =ug, .. v()=pg, .}

Consider the functional E(v) = F, (u f1.g + v) for any non-negative real valued function v with

1/q
vl = (/ |u1;1,q+v|Q> :

M

Notice that E(0) = 0. Let p = (k*)!/9. If ||v|| = p, by setting u = ug, o+ v, then Jluflg = k*.
Hence

E() = Fq(u) = MKi*.q = 0.

Next we set v] = Uiy g ~ U, g0 then E(vi) =0 and ||v] = (ko)1 > p. Note that our func-
tional E satisfies the Palais—Smale condition as we have shown for F,. Hence, by the standard
Mountain-Pass theorem, we can conclude that

= inf max E(y(t) —u; ,
Hia.q = 10}, Max (v (1) —ug,.q)
is a critical value of the functional E. Clearly, uu, , > 0. Hence, there exists a non-negative
Palais—Smale sequence (u;); C S%(M ) for the functional F; at the level py, 4. Consequently,
Proposition 3.12 implies that, up to a subsequence, u ; — u3 4 strongly in S%(M ) for some uy 4 €
S%(M ) as j — +o0. Therefore, the function us , with positive energy py, 4 satisfies Eq. (3.1)
in the weak sense where we denote [uz 4 ||Z = ky. The regularity theorem and the maximum
principle as in Section 3.1 imply that u> , € C*°(M) and u; , > 0. Finally, in view of Lemma 3.2,
we know that 0 < ky < k..
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Claim 3. Eq. (1.4) has at least one positive solution.

Proof of Claim 3. By Claims 1 and 2 above, for each g € (2b, N), we know that there exist
two positive smooth functions u1,4 and u3 4, which solve (3.1). In addition, theses solutions are
critical points of the functional F,. Therefore, on one hand we have

1 R 1
Mg =5 / Vouigl* 0 A @d0)" + = f (uig)* 6 A (d6)" — p / fwig)? 6 A (d6)"
M M M

while on the other hand we have

/ |Voui gl 6 A (dO)" + R/(ui’q)29 A (dO)' = / Fuig)? 0 A (dO)". (4.2)
M M M

Hence, we obtain the following relation

1 1
Mk g = (5 - 5) f fuig)? 0 A (do)".
M

Recall that [|u; 4 ||Z = k;. Therefore, we can estimate jiy; 4 as follows

supy f

W<
Hhia S 50,31

Now, from (4.2) we obtain
/|v9u,-,q|2 6 A (d6)" < (sup f)k; + |RIK4.
M
M

Hence

2 ) 2/q
llui g IIS%(M) < (S/l‘llp Hki + (R + Dk;", (4.3)
which implies that the sequence (u; 4), is bounded S%(M ) since k; < k4 and g € (2, N). Thus,
up to a subsequence, there exists u; € S%(M ) such that
o uj,— u; in S (M),
® u;, — u; strongly in LZ(M), and

® uj,— ujae. inM,

as ¢ — N. Notice that u; , satisfies
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/(Vgui’q, Vov)g 0 A (dO)" + R/ui’qv 0 A (do)"
M M

- / fuig)?™'v 0 A(dO)' =0 (4.4)
M

for any v € S%(M). Since u; 4 — u; weakly in S%(M) and u; 4 — u; strongly in L*(M), we
obtain

‘/‘(Vgui,q — Voui, Vov)g 0 A (dO)" — 0
M

and

/(ui,q —uj))v OA O =0
M

as ¢ — N.Since u; 4, — u; ae.in M asq — N, (u; )7 " — ;)" ae.in M as well. Now,
by the Holder and Sobolev inequalities, we obtain

-1 g-1 -1 q-1
i) ivyv—1) < luiglly <€ uig ”S%(M)’
which implies that the sequence {(u,"q)q’1 }i is bounded in LN/WN=D a1y, Hence, we know that
(i g)? 1 = (up)N~! weakly in LY/ V=D (M). Notice that if v € LN (M), then fv e LN (M)
since f is smooth. Hence, by the definition of the weak convergence, we have

/ i) v oA @o)" — / F)N v 0 A o),
M M

as ¢ — N. We are now in a position to send ¢ — N in (4.4) thus proving that u; are weak
solutions to (1.4). Finally, the regularity theorem and the maximum principle as in Section 3.1
with g replaced by N show that u; e C*°(M) andu; >0in M. O

Until now, we only show that u; are solutions of (1.4). However, we don’t have enough infor-
mation to guarantee that these solutions are distinct. Hence, we only complete the existence part.
In the next subsection we show that u; are in fact different provided sup,, f is sufficiently small.
4.2. The existence of the second solution

In the previous subsection, we showed that there are two functions u1, u; solving (1.4), how-

ever, it is not clear that whether or not these functions are distinct. Recall that the energies of u;
are given as follows

1 R 1
FN(ui)=§/|V9u,-|2 9/\(d9)"+5/|ui|2 9/\(d9)"—N/fulN 0 A (dO)".
M M M
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The problem comes from the fact that even the two sequences of solutions for subcritical prob-
lems (u; 4)4 converge and

qli—>n]l\/ Fy(uig) # qli—>n}\] Fy(uz,4),
it may happen that
Fn(ui) = Fy(u2).
This is basically due to the fact that we lack strong convergence to ensure that Fy(u;) =
limy_ n Fy(ui4) fori=1,2.
As always, we want to compare Fy (u1) and Fy (u2) and this can be done once we can show

that limy_, y F;(u;4) = Fn(u;) for i =1, 2. From the expression of Fj(u; ), we find that the
only difficult part is to show that

/f(ui,q)q O A (do) — /f(u,-)N 0 A (do)", 4.5)
M M

as ¢ — N. Here, if we make sup,, f sufficiently small, then such convergence can be guaranteed.
It is worth noticing that this idea was used once in [25], however, it is not clear how small sup,, f
is in order to guarantee such a convergence. In the present work, we slightly modify the argument
used in [25] to get a more explicit result.

Before doing so, we first set W, = ®/||®||,. Then the following lemma is elementary.

Lemma 4.2. We have

q/(q=2) ntl
/'Ve\pq'2“("9)" - /|V9©|29A(d9)” o) 2,
and

—1 -1
(Zf\ygemde)" — gfcb’vm(d@)” 11y

asq— N.

Proof. It suffices to prove the last limit since the first limit can be handled in a similar way by
using the fact that ¢ /(2 —g) - —(n + 1) as ¢ — N. However, since

ffwgeA(de)"z /fdﬂeA(dQ)” I®llg?,
M M

/f(bqe A (dO)' — /fche A (dO)"
M M
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and
- -N
1@l ? — Py
as ¢ — N, this conclusion easily deduces. O
In the following result, we aim to bound k; from above using information from ®. Note that
the bound k., appearing in Lemma 3.2 is not good enough since it involves the function f in

such a way that it is difficult to handle later.

Lemma 4.3. There exists a constant C1¢ depending only on n and ® such that
q/(2—q)
ki < Cio /f‘l’ge A (dB)"
M

for all q sufficiently close to N. Moreover, if the condition (1.8) holds, that is

n
Ved|3 D)3 < —,
Ve@l3 1Pl .

then we can select C1p = 1.

Proof. Let ® be a positive smooth function on M such that f ut ON 9 A (dO)' > 0. Let v, =
®/||®||; as above. Hence ||W,|l; =1 for any g € (2°, N). Then by Lemma 4.2, there holds
fM f\IJg 0 A (dO)" > 0 for all g sufficiently close to N. Since R < 0, we easily get

1 k
Fy(k1@,) < 5k2/q||v9\yq||§ — —/f\pge A (dO)". (4.6)
q
M

By solving the following equation for k

1 k
SV Yy I3 —/fwze A (dO)" =0,
q
M

we obtain

q/2=q)
= 3 [ ragosanr)
M

Note that as ¢ — N =2 + 2/n and in view of Lemma 4.2, there hold
2q/(q—2 2(n+1 —2(n+1
”VQ‘I’q ”24/(4 ) — ||V9q>||2(n+ )”q)”N (n+1)

and (¢/2)4/4=2 7 (1 + 1/n)"*+!. Therefore, for g close to N, there holds
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49
I\t [ (| V]l \ 2D o
k<(1+—) <” o ”2> /f\IIZGA(dG)”
n 1Pl
M
49
2—q
<Cio /f\lf;’G/\(dG)” :
M
where we set
[\t _
Cio =max{(1 + ;) | Vo |2 o 320D, 1}. 4.7)

Then it is easy to see that uy 4 < 0 for any

q
2—q

k> Cio /fxpge INCK
M

Clearly, if the condition (1.8) holds, we can select C1¢ = 1. In view of the asymptotic behavior
of jux,q in Section 3. The proof now follows. O

In the sequel, we aim to estimate the right hand side of (4.3) in terms of kl.z/ 4. To do so, we
make an ansatz assumption that the condition (1.6) holds for some C; to be determined.

Lemma 4.4. When q is sufficiently closed to N and assuming the condition (1.6) holds, there
holds

1/(n+1)

(sup )k, 1 < Ca(Cro) o).
M

Moreover, if the condition (1.8) holds, then we have (sup,, f)kil_z/q < Ca.

Proof. Using Lemma 4.3, we obtain

a/Q2—q)
ki <C1¢(/fW39A(d0)"> .
M

Therefore,

-1
(sup /K" < (sup £)(Cro) 9 ( / FUI6 A <d0>">
M M
M

1/(n+1)

<C(Cro) [l
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since | —2/g — 1/(n+ 1) as ¢ — N. When the condition (1.8) holds, the claim follows from
the fact that we can select Cio = 1. O

Proposition 4.5. Assume that all requirements in Proposition 4.1 are fulfilled and that there exists
a smooth positive function ® with [, ulf ®N 0 A (dO) > 0 such that f satisfies the condition
(1.6), that is

-1
(mpﬁ</f¢N9A@ww> <(y,
M

M

where the number Co > 0 is given in (4.11) below. Then
/f(ui,q)q 6 A (do)" — ff(ui)N 6 A (do)"
M M

as ¢ — N. Moreover, if the condition (1.8) and || ® ||y < 1 hold, then the constant C; is indepen-
dent of .

Proof. Setv = (u,-,q)”zs for some & > 0 to be determined later. Then we have

1+28
(1+9)?

fwewi,qﬁ 0 A (dO)" = |R|f(w,-,q>2 0 A (d6)"
M M
+ / fwi ) (uig)?™? 6 A (dO)",
M

where w; 4 = (u ,-)q)“”S . From this equality and the Sobolev inequality, it follows that

(1+6)2
1+25
(1+6)2

1+28

2 2
lwiglly < <7<1 |R|+ﬂ1)llwi,ql|2

+ % / Fr(wi )i g)?™* 6 A (dO)". (4.8)
M

Using the Holder inequality, we obtain

/‘(wi,q)z(ui,q)q72 6 A (do)"

M
2/N Ng-2) 1-2/N
< (/(w,',q)N oA (d@)") (/(u,’,q)v N (de)") .

M M

Again, by the Holder and Sobolev inequalities, we have
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N=2
NI A(dO)" < (/(ui,q)N 6 A (d@)")

N(g-2)
(ui,q) -
M

N(g-2)

N(g—2)/(N-2
< (%0 o+ ) T g I 30 VD,

S2(M)

Therefore,

/ (i) i) 6 A @0)" < (% +20)" i g I3 i 2,5 -

From (4.8) and the estimate above, it follows that

) (1+46)? )
lwiglly < (9(1 725 IR+ A1 |lwiqll3
(1+6)> q/2—1
1126 (Supf)(i’(l +,‘41) ||wlq||N||uzq||Sz(M) 4.9)
Making use of (4.3) and Lemma 4.4, we can estimate ||u; 4 14 SZ (M) in terms of @ as follows: first
we have
/@)y g i N 1214
”ulq”SZ(M) CZ(CICD) ||¢||N+|R|+1 k,’
= Crok/1. (4.10)
In view of Lemma 4.3, we further obtain
1/2—q)

i gl ury < 1ol oo / FUL9 A (dO)"

Hence
-1

1-2 -2
gl < Cla™"cts” | [ s naor

Keep in mind that C;¢ > 1, for i = 1, 2, then the following convergences are obvious cls 1cI> /’

Cllé(nH) Cls 2 C2/" Thus, using Lemma 4.2, we have just shown that

-1

1 1) ~2
i gl < Cis™ " Cof) /fcheA(d@)" Il
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for any ¢ close to N. By using the constant functions and the fact that vol(M, 6) = 1, we obtain

ﬂl21.HmweﬂwcmwmgmweCm-+ﬂﬂqﬂ_{f(xy+ﬂQNﬂ_lBOMMM&TMSmmxusm
conclude the following key estimate

% sup (% + 4) " g g1
M ( ) L4 SZ(M)
-1
<% (% +a) e ey (sup f)( / FoNo A (d@)”) .
M

We then impose some condition on f such that the right hand side of the preceding inequality is
less than 1/2. To do so, let C> be the unique positive solution of the following algebraic equation

1 1/n =T aH A
Cr= 2%(7@+ﬂu) /”Clq;“<czcgl||cb||%+|1e|+1> o™ (4.11)

Then, in view of (1.6) and the previous inequality, we conclude that

1

/2—1
% (sup f)(% + )" gl < 5

for g close to N. Now, we are able to choose § such that 1 +§ < % and

U s up £)( +20)" 7 g1 < 5 @.12)
holds for g close to N. Hence, from (4.9) and (4.12), it follows that
lwigl < 2(:@ SRy m) i g 13- (4.13)
1426
By our choice of §, we have
lwig 13 = i) Fll2 = llui g 15775y < Nt g 1N

This estimate and the Sobolev inequality imply that ||w; 4|2 can be bounded by some constant
depending on ®. It then follows from (4.13) that (||w; 4||~)4 is bounded, thatis, (||u; g4 | n(1+8))g
is bounded. By the Holder inequality, we obtain

Il Cae q)q||l+6 [l q||N(1+6)1

which implies that ((#; 4)?)4 is bounded in L1+5(M). This and the fact that (u; 4)¢ — )N ae.
in M yield (u; 4)4 — (u;)N weakly in L'+%(M). Hence, from the definition of weak convergence
and the fact that L'+1/3(M) is the dual space of L'*3(M) there holds
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/ fig)? 6 A (dO)' — f Fu™ 6 n@o)",
M M

as ¢ — N, since it is clear that f € L'*1/%(M).

It remains to consider whenever the constant C, is independent of ®. First, suppose that the
condition (1.8) holds, then we can select C;¢ = 1, and if we assume further that || ® ||y < 1 hold,
then the constant C»¢ simply becomes (C + |R| + 1)!/2. Now instead of solving (4.11), we solve
the following algebraic equation

1 — n — n
C=—(% + ) 1/ (C2+IRI+1) 1/

2% (4.14)

to find C. Having such a constant C; we then immediately obtain

1/n l/n<L
Ki(% + )" (Co+ R+ 1) <3

which is enough to conclude that

(1+6)>
1+25

-1
n n 1
% (% +1) /"3l (supf)</f<l>N9A(d9)”> <3
M
M

holds. Hence, the rest of the proof goes as before. O

It is worth noticing that the novelty of the condition ||®||y < 1 is that it is easy to construct
those functions & satisfying | @]y < 1 by a simple scaling with a sufficiently small constant.
However, by imposing the condition ||®||x < 1, one can easily check that the left hand side
of (1.6) is always greater than 1, therefore, to fulfill (1.6), one needs C, > 1. In the context of
compact CR manifolds, since the optimal constants %X, 4; are unknown, we do not know whether
or not the condition C; > 1 actually holds. Nevertheless, in the context of compact Riemannian
manifolds, the known constant %] is relatively small. In addition, it is worth emphasizing that the
technique introduced here works well in the context of bounded domains in R”, especially when
we have zero Dirichlet boundary condition.

2With the help of the proposition above, we can easily get that Vyu; , — Vpu; strongly in
L°“(M).

Proposition 4.6. Assume that the requirements in Proposition 4.5 are fulfilled, then there holds
Vouigllz = lIVouillz as g — N.

Proof. It suffices to prove that Vyu; ; — Vyu; strongly in L2(M). By replacing v with u; 4 — u;
in (4.4), we arrive at

/(Veui,q, Vo (ui,g —ui)o 0 A (d6)" + R/uz;q(ui,q —ui) O A (dO)"
M M

— / i) iy —ui) O AdO'=0 (4.15)
M
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Since u; 4 — u; strongly in L?(M), the second term in (4.15) approaches to zero as ¢ — N.
Notice that the third term can be rewritten as

/f(”z q) (“l q u;j) O A(dO)" = ff(“t q)q S (i, q) O A (de)"

(/f (i) —uM 9/\(d9)”>

Using Proposition 4.5, we obtain the fist term in the above equality goes to zero as ¢ — N. The

fact u; ql — uN ! weakly in LN/N=2 (M) and fu; € LN (M) imply that the second term goes
to zero either. Hence the third term in (4.15) converges to zero as ¢ — N. Therefore, by (4.15),
we have

/ (Votts.g. Vo litig — u))a 6 A (d6)" — 0

as ¢ — N. Using this and the fact that Vou; 4 — Vou; weakly in L%(M), we obtain

/ Vo (i g — ui)l> 6 A (dO)" — 0

as ¢ — N.In other words, Vou; , — Vou; strongly in L>(M). 0O

At this point, we can easily conclude that Eq. (1.4) has at least two positive solutions. This is
the content of the following result whose proof is straightforward.

Proposition 4.7. Assume that all requirements in Proposition 4.5 are fulfilled. Then Eq. (1.4) has
at least two smooth positive solutions, in which, one has strictly negative energy and the other
has positive energy.

5. Proof of Theorems 1.2, 1.3, and 1.1(c)
5.1. Proof of Theorem 1.2

In this section, we prove Theorem 1.2 which provides a necessary and sufficient condition for
the solvability of (1.4). Notice that we have already proved that the condition |R| < A s is neces-
sary, we will show that this condition is also sufficient. To do so, we again study the asymptotic
behavior of uy ,. However, unlike the case sup,, f > 0, the curve k — py 4 takes a different
shape as shown in Fig. 2.

Now, we prove the following proposition.

Proposition 5.1. If sup,, f < 0and |R| < Ay, then Eq. (1.4) admits a positive solution.
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HE,q

Ex k

Fig. 2. The asymptotic behavior of uy , when supy, f =0.

Proof. Let g € (gy,, N). Then by solving the following equation
R k
—k* — —/f 6 A (dO)" =0,
2 q
M

we can easily get i, 4 <0 where

ko= q R q/(q—2)
Zfo 0 A (dO)" ’

It is not hard to find k; and k» independent of ¢ such that k| < kg < kp. Now from the study of
the asymptotic behavior of px 4, we can find k, and k., independent of g with k, < k1 < ko <
kz < kux such that py o < min{ug, 4, tik,,.q}- Then we define

Kki,q = uenolji,q Fy(u)

for each g fixed, where
Drg = lu € STM) : ku < flu]§ < ks

At this point, we can apply similar argument in the proof of the existence of the first solution in
Theorem 1.1 to obtain a positive solution of Eq. (1.4). O

To conclude Theorem 1.2, it remains to verify the uniqueness of positive smooth solutions of
(1.4). This is the content of the following lemma whose proof makes use of conformal changes.

Lemma 5.2. Eq. (1.4) admits at most one positive smooth solution.

Proof. Assume that 1| and u, are positive smooth solution of (1.4). Then we denote 0= uf/ "o

and u = u/uy. Itis well-known that the sub-Laplacian Az with respect to contact form 0 verifies

. 2
Aju=u, 2/n<Agu+E(V9u1,V9u>9) .1)

on M. Then, a simple calculation shows that
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—Aguy + LSCalguz

2(n+1)
=—Ag(uuy) + ﬁScalguul
=—ulgui; —2(Vou, Voui)g — u1Aou + LScalguul

2(n+1)

1+2/n
—2(Vpu, V, —ui1Agu.
2(n—|—1)f (Vou, Vouy)g — uiAgu

Using (5.1) and (5.2), we have further

n 142 142
Scalpuy = ——— u+/nu 1+ A,

n
—Agur + ————Sc
R TP 2n+1)

1+2/n

Since u; solves (1.4) and by canceling the common term u , we arrive at

n n
L S N b T
Y L Yo L

or equivalently,

~Aju—1)= ﬁf(ul”/” —u).

(5.2)

(5.3)

Using the test function (u — 1)* together with the smoothness of # — 1 and the non-positivity
of f, we conclude that the only possibility for (5.3) to hold is that # = 1, which completes the

proof. O

5.2. Proof of Theorem 1.3

To prove the theorem, we use the method of sub- and super-solutions. By using the change of

variable u = exp(v), we get that

—Agu+ Ru — fu't¥" =¥ (—=Agv — |Vov|?) + Re¥ — fel T2/,

Therefore, to find a super-solution u for (1.4), it suffices to find some v in such a way that

—Agv — |Vou> + R — f&2V/" > 0.

In order to do this, thanks to f M fO A(dO)' <0, we can pick b > 0 small enough such that

sup | f(e"¢/* —1)| < —% / fO A (o)
M M

and

2 1 n
bVl <72 FOAdo),
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where ¢ is a positive smooth solution of the following equation —Agp = f — [ u SO (o).
We now find the function v of the form v = by + (nlogb)/2. Indeed, by calculations, we have

—Agv — |Voul> + R — f&®V/" = —bAgg — b2|Vog|*> + R — bfe?9/"

= —b/ FOA@d0)" —b*|Vppl* + R —bf (/" —1)
M

3b
2—Z/fe/\(de)"+R—bsup|f(e2b‘p/"—1)|
W M
b
>—§/f9/\(d9)”+R>0
M

provided
b
|R| < -3 fOA(dO).
M
Therefore, if we set # = exp(v) and set

C3:—§/f9/\(d9)”, (5.4)
M

then we conclude that u is a super-solution of (1.4) provided |R| < C3. We now turn to the
existence of a sub-solution u. Before doing so, we can easily check that

i =exp (b(p +(n 10gb)/2) > exp ((n logb)/2) =bp"2

Since u has a strictly positive lower bound and thanks to the fact that a suitable small positive
constant is a sub-solution for (1.4), we can easily construct a sub-solution u with u < u. The
proof of the theorem is now complete.

5.3. Proof of Theorem 1.1(c)

Before closing the present paper, we prove that in fact the condition |R| < A 7 is not sufficient
for the solvability of (1.4). To do so, for any given constant R € (—A r, 0), we construct a smooth
function f such that sup,, f > 0 and |, u SO A(dO)' <0 in such a way that (1.4) admits no
solution. The following result, in the spirit of [19], is needed.

Proposition 5.3. Suppose that R < 0 is constant, if a positive solution to (1.4) exists, then the
unique solution ¢ of

2R 2f
Ao+ —¢=— (5.5
n n

must be positive.
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Proof. Assume that u is a positive solution to (1.4). Using the substitution v = u~%/"

easily see that

, one can

2 2 2
Agv = —(1 + —)sz*z/"lv(gulz — Zu " Agu
n n n
and that
4
IVovl* = —u™>"%"|Voul*.
n
Therefore,
n+2|Vevl> 2 Agu
Agv = — =0 .
2 v n o ou
Making use of (1.4), we further have
2R n+2|Vevl> 2f
Ny ——Vv=m—— — —,
n 2 v n

Set w = ¢ — v where ¢ is the unique solution of (5.5). Then

2R n+2|Vgvl?
—Agw — —w = .
n 2 v

A standard application of maximum principle shows that w must be non-negative. Hence ¢ >
v > 0asclaimed. O

Now for given function f satisfying sup,, f > 0 and [, u J O A (dO)" <0 we pick a constant
R arbitrary which satisfies R € (—Ay, 0). We now construct a new function, say &, having the
following three properties sup,, iz > 0, thQ A(dB)' <0, and Aj, > A, but Eq. (1.4) with f
replaced by & admit no solution, that is to say the following equation

—Agu + Ru = hu't?/" (5.6)
has no positive smooth solution. Once we can construct such a function %, we can conclude that

the condition R € (—Ar,0) is not sufficient for the solvability of (1.4). For simplicity, let us
denote by M+ and M the following

My={xeM: fX(x)£0},
Mo={xeM: f(x)=0}.
Our construction for # depends on the following two simple equations

—Ao¥y =1 inM_,

Yy =0 onoM_, 57
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Fig. 3. The construction of the functions y+.

and

—Ag¥_ = —1 in My,

Y- =0 onoM,. 5-8)

It is well-known that these functions /4 exist and are smooth, see Fig. 3. In addition, ¥+ > 0 in
M_ and ¥_ < 0in M. Then we construct a continuous function y as follows

lﬁ+, in M_,
V= { 0, in My, (5.9
AMp_,  in My,

where the constant A > 0 is determined later. Clearly, the function ¢ always changes sign in M.
Then, we simply set

h= gAglﬂ + RY.

First, we calculate to obtain

/h@A(dG)”z%(/A9¢+0A(d9)"+R/w+9/\(d9)”)
M—

M M_

+x(/Agw_eA(de)”+wa_9A(de)")

My My

=_%(Vo1<M_)+|R|fw+9A<d9)”)
M_

+k<vol(M+) +IR| / 116 A (de)").

My

Therefore, by selecting suitable small A > 0, we obtain f yhon (dO)" < 0. Now, it suffices to
show that the above function /4 verifies the following two conditions: sup,, 2 > 0 and A, > A .
To this purpose, we first observe that since R < 0 in M, it is clear to see that /|, > 0 which
implies the first condition. For the second condition, we note that in the region M_
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hlu =5 ov)| +RY |,

=—%+Rlﬂ+<0,

thanks to the positivity of ¥4, R <0, and (5.7). Hence,
{xeM:h(x) >0} c MoU M,

which immediately implies A, > Ar. Since the sign-changing function v solves (5.5) with f
replaced by the above #, it is clear that Eq. (5.6) admits no solution by means of Lemma 5.3.

Before closing this section, we would like to mention that conclusions in Theorems 1.3
and 1.1(c) do not contradict each other. The reason is as follows: The constant C3( f) appearing in
Theorem 1.3 basically depends on the full function of f which is being kept fixed. However, the
constant A ¢ basically depends only on the negative part f~ and therefore, a suitable change in
f +, which also affects C3, could lead to a non-existence result. Mimicking the results in [29,30],
we believe that there is a constant C € (0, A ) strongly depending on f such that Eq. (1.4) has no
solution if |R| > C while it has at least one solution if |R| < C. Hence, Theorems 1.3 and 1.1(c)
is nevertheless a one step to understand relation between these two constants.
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Appendix A. Construction of a function & satisfying (1.7) and (1.8)

In this section, we construct an example of functions & satisfying the assumptions (1.7) and
(1.8). To this purpose, we first pick a smooth non-negative function ® such as [, SO A
(d6)" > 0. For example, one can choose ® whose support is contained in the support of the
positive part f+. Then, we consider the function ® = o exp(80) for suitable , 8 > 0. The
elementary inequality e* > x for x > 0 implies that

/fch 0 A (dO) =a / fexp(NB®)H A (dO)"

M M

> NaNﬂ/f®9/\(d0)” >0
M

for any «, B > 0. A direct calculation then shows

Vol ([ P91Ve0P0 A (d0)")"?

= A.l
[R25% (fMgNﬁ@)eA(de)n)l/N A
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While the denominator of the right hand side of (A.1) can be bounded from below using

/eNﬁ‘")e AdO) =1,
M
its numerator is also bounded from above using
/62ﬁ®|V9@|29 A (dO)' < /€2®|V9®|29 A (dO)"
M M

provided B < 1. Therefore, for fixed ®, a suitable choice of 8 € (0, 1) will lead to the condi-
tion (1.8). Finally, we note that if one choose « small enough, the condition || @]y < 1 is also
satisfied.
Appendix B. Solvability of the equation —Agu = f

In this section, we provide a proof of the following result.
Proposition B.1. Ler f € L>(M), then the equation

—Agu = f(x) (B.D)

in M possesses a solution if and only iffM fOA@O'=0.

It is clear that the above proposition is well-known in the context of Riemannian manifolds,
however, we find no such a result for CR manifolds. The proof we provide here is adapted from

the context of Riemannian manifolds.

Proof of Proposition B.1. Clearly, the “only if” is obvious by simply integrating both sides of
(B.1). To prove the “if” part, we consider the functional

E(u) = %f|V9u|29A(d9)” —/f(x)ue A (dO)"
M

M

under the constraint

Gz{ues%(M):/ueA(de)”=o}.
M

In view of the Friedrichs inequality, we can use in G the equivalent norm

1/2
lullg = f|v9u|29A(de>" ,
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which tells us that there is a positive constant C such that ||u||;> < C|lu||g for all u € G. Using
the Holder and Poincaré inequalities, we obtain

1
E) == luld — I fll2lull2

[x

2
1 2
> 5 luli = Clflzzllull
1 2 Cc?
> 5 (lullg = Cll fllz2)” = - If g2 > —oo.

Thus E is bounded from below in the set G. Then, we can define
= inf B
§ Jnf ()

which is finite. Let (ux)r C G be a minimizing sequence for &. Since f is fixed, the previous
estimate implies that (uy )y is bounded in S%(M ). A standard argument shows that there is some
u € S3(M) such that uy converges to u strongly in L' (M), L?(M) and weakly in S7(M). Then
it is easy to show that u weakly solves

—Agu= f(x)+ A

for some constant A € R. By simply integrating both sides of this equation and using the condition
/ u J O A (dB)" =0 we conclude that 2 = 0 and this completes the present proof. O

Appendix C. The method of sub- and super-solutions on CR manifolds
In this section, we recover the method of sub- and super-solutions for Eq. (1.4) in the context

of compact strictly pseudo-convex CR manifolds. We say that iz € S%(M ) (resp. u € S% (M))is a
(weak) super-solution (resp. a weak sub-solution) of Eq. (1.4) if

/(Veﬁ, Vov)e 0 A (dO)" + Rfﬁve A (dO)' > f Fult 0 A (do)"
M M M

foreachv >0,v e S%(M) (resp.
/(VM, Vou)e 0 A (dO)" + R/gv@ A (dO)' < / Ful* "0 A (do)
M M M

foreachv >0,v e S%(M )). Following is the main result in this section.

Proposition C.1. Assume that there exist a weak super-solution u and a weak sub-solution u of
(1.4) satisfying u < u a.e. in M, then there exists a weak solution u of (1.4) such that

usu<u

a.e. in M.
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Proof. We fix a number A > O sufficiently large such that the mapping

t> (h— R)t + fr't?/m

4487

is non-decreasing. For simplicity, we set #g = u and inductively define uyy1 € S%(M ) withk >0

to be the unique solution of the following problem

142
—Agupst + Miger = O — Ryug + fuy ",

(C.1)

We claim that the sequence (ux)x>0 is non-decreasing in M. Indeed, using (C.1) with k =0, we

obtain

/(Vgul,VQU)QQ/\(dQ)n —i—)»/ulve/\(d@)n
M M

:(A—R)/uové/\(d@)"+/fu(l)+2/"v9/\(d9)"
M M

> A / uov 0 A (do)" + f(VQM(), Vov)g 0 A (dO)"
M M

foreachO<ve S%(M). Setting v = (ug —u1)* € S%(M), we obtain

/ Ve (1o — u1)|* 6 A (dO)" + A / (o — u1)*6 A (dO)" <0,

{uo=>u1} {uo=u1}

which immediately implies uo < #1 a.e. in M. We now assume inductively that

Up—1 < Ug

a.e. in M, we claim that u; < uy41 also holds a.e. in M. To this purpose, we notice from
and the monotonicity of the mapping 7 — (A — R)t + ft!72/" that

/(Veukﬂ, Vov)g 0 A (d0)" + A / ug+1v 6 A (d6)"
M M

:(,\—R)fukvm(de)"+/fu,‘j2/”v9A(d9)"
M M

>(,\—R)/uk,1veA(d0)"+/fu,iff/"vm(d9)"
M M

=k/ukv9 A (dO)" +/(V9uk, Vov)g 0 A (dO)"
M M

(C.1)
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foreachO v e S%(M ). In particular, there holds
/(Va(uk —uky1), Vov)e 6 A (d6)" -H»/(Mk —uip )0 A (d6)" <O0.
M M

By using the test function v = (ux — ug1)* € S%(M), we easily conclude that u; < ug4 a.e.
in M. Finally, we prove that u; < u for all k. Clearly, this holds for k = 0 by our assumption.
By induction, we assume that u; < # and our aim is to prove that u;; < u also holds a.e. in M.
Using (C.1) and by means of the super-solution i, we find that

/(Veukﬂ, Vov)e 0 A (d6)" + A / up1v6 A (do)"
M M

:(,\—R)fukveA(de)"+ffu,‘f2/”v9A(d9)"
M M

g(x—R)[zzveA(de)”+/f121+2/"u0/\(d9)"
M M

< k/ﬁv@ A (dO)" + /(Vgﬁ, Vov)o 0 A (dO)"
M M

foreachO v e S%(M ). In particular,
/(Va(uk+1 —it), Vov)g 0 A (d6)" +)»/(Mk+1 — i) A (do)" <O0.
M M

Using the test function v = (ug4+1 — it e S%(M) we conclude that u;41 < u a.e. in M. Hence,
we have just shown that the sequence (u; )i obeys

UuSu Sup < Sup <<l

a.e. in M. Therefore, the pointwise limit
Uoo(x) = lim wup(x)
k—+00

exists a.e. in M. By the Sobolev embedding S%(M) <> L%(M) and the fact that i € S%(M),
U —> Ugo IN LZ(M ) by the Dominated Convergence Theorem. Standard L”-estimates [10, The-
orem 3.16 (2)] implies from (C.1) that

1+2
ks Is2ary < (IR INell 2 + Gsup ) e ™" 2)
M

. . . . . _ 1+2
since (C.1) always admits a unique solution. Since uy € [u, i], we have ||ux|| ;2 and ||uk+ /n Il 72

are uniformly bounded. Hence, the sequence (uy)y is bounded in S%(M ). Since the embedding
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S%(M ) — S%(M ) is compact, uy — uqo strongly in S%(M ). Thus u is a weak solution of (1.4)
as claimed. 0O

References

[1] T. Aubin, Some Nonlinear Problems in Riemannian Geometry, Springer Monogr. Math., Springer-Verlag, Berlin,
1998.
[2] A. Bahri, J.M. Coron, The scalar curvature problem on the standard three-dimensional sphere, J. Funct. Anal. 95
(1991) 106-172.
[3] M. Ben Ayed, M. Ould Ahmedou, Multiplicity results for the prescribed scalar curvature on low spheres, Ann. Sc.
Norm. Super. Pisa CI. Sci. (5) VII (2008) 1-26.
[4] S.A. Chang, ML.J. Gursky, P. Yang, The scalar curvature equation on 2- and 3-spheres, Calc. Var. Partial Differential
Equations 1 (1993) 205-229.
[5] S.A. Chang, P. Yang, Prescribing Gaussian curvature on 52, Acta Math. 159 (1987) 215-259.
[6] S.A. Chang, P. Yang, Conformal deformation of metrics on S2, J. Differential Geom. 27 (1988) 256-296.
[7] S.A. Chang, P. Yang, A perturbation result in prescribing scalar curvature on S”, Duke Math. J. 64 (1991) 27-69.
[8] X.Z. Chen, X. Xu, The scalar curvature flow on S”-perturbation theorem revisited, Invent. Math. 187 (2012)
395-506.
[9] H. Chtioui, M. Ould Ahmedou, R. Yacoub, Topological methods for the prescribed Webster Scalar Curvature prob-
lem on CR manifolds, Differential Geom. Appl. 28 (2010) 264-281.
[10] S. Dragomir, G. Tomassini, Differential Geometry and Analysis on CR Manifolds, Progress in Mathematics,
vol. 246, Birkhiuser, Boston, 2006.
[11] V. Felli, F. Uguzzoni, Some existence results for the Webster scalar curvature problem in presence of symmetry,
Ann. Mat. Pura Appl. 183 (2004) 469—493.
[12] R.L. Frank, E.H. Lieb, Sharp constants in several inequalities on the Heisenberg group, Ann. of Math. 176 (2012)
349-381.
[13] N. Gamara, The CR Yamabe conjecture the case n = 1, J. Eur. Math. Soc. 3 (2001) 105-137.
[14] N. Gamara, R. Yacoub, CR Yamabe conjecture the conformally flat case, Pacific J. Math. 201 (2001) 121-175.
[15] P.T. Ho, Results related to prescribed pseudo-Hermitian curvature, Int. J. Math. 24 (2013) 29pp.
[16] D. Jerison, J.M. Lee, The Yamabe problem on CR manifolds, J. Differential Geom. 25 (1987) 167-197.
[17] D. Jerison, J.M. Lee, Intrinsic CR normal coordinates and the CR Yamabe problem, J. Differential Geom. 29 (1989)
303-343.
[18] D. Jerison, J.M. Lee, Extremals for the Sobolev inequality on the Heisenberg group and the CR Yamabe problem,
J. Amer. Math. Soc. 1 (1988) 1-13.
[19] J. Kazdan, F. Warner, Scalar curvature and conformal deformation of Riemannian structure, J. Differential Geom.
10 (1975) 113-134.
[20] Y.Y. Li, Prescribing scalar curvature on S” and related topics. I, J. Differential Equations 120 (1995) 319-410.
[21] Y.Y. Li, Prescribing scalar curvature on S” and related problems. II. Existence and compactness, Comm. Pure Appl.
Math. 49 (1996) 437-477.
[22] A. Malchiodi, The scalar curvature problem on S”: an approach via Morse theory, Calc. Var. Partial Differential
Equations 14 (2002) 429-445.
[23] A.Malchiodi, F. Uguzzoni, A perturbation result for the Webster scalar curvature problem on the CR sphere, J. Math.
Pures Appl. 81 (2002) 983-997.
[24] Q.A. Ngo, The Einstein-scalar field Lichnerowicz equations on compact Riemannian manifolds, 2012, PhD thesis,
available online at http://scholarbank.nus.edu.sg/handle/10635/36344.
[25] Q.A. Ng6, X. Xu, Existence results for the Einstein-scalar field Lichnerowicz equations on compact Riemannian
manifolds, Adv. Math. 230 (2012) 2378-2415.
[26] Q.A. Ngo, X. Xu, Existence results for the Einstein-scalar field Lichnerowicz equations on compact Riemannian
manifolds in the null case, Comm. Math. Phys. 334 (2015) 193-222.
[27] Q.A. Ngo, X. Xu, Existence results for the Einstein-scalar field Lichnerowicz equations on compact Riemannian
manifolds in the positive case, Bull. Inst. Math. Acad. Sin. (N.S.) 9 (2014) 451-485.
[28] R. Schoen, D. Zhang, Prescribed scalar curvature on the n-sphere, Calc. Var. Partial Differential Equations 4 (1996)
1-25.
[29] T. Ouyang, On the positive solutions of semilinear equations Au + Au —hu? = 0 on compact manifolds. II, Indiana
Univ. Math. J. 40 (1991) 1083-1141.


http://refhub.elsevier.com/S0022-0396(15)00059-5/bib417562696Es1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib417562696Es1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6263s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6263s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib626Fs1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib626Fs1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib636779s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib636779s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib637931s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib637932s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib637933s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6378s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6378s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib636179s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib636179s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib442D542D32303036s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib442D542D32303036s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6675s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6675s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib666Cs1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib666Cs1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6761s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6779s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib686Fs1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6A6C31s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6A6C32s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6A6C32s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6A6C33s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6A6C33s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4B2D572D31393735s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4B2D572D31393735s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6C6931s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6C6932s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6C6932s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6D61s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6D61s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6D75s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6D75s1
http://scholarbank.nus.edu.sg/handle/10635/36344
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6E78s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib6E78s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4E2D582D323031342D4E756C6Cs1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4E2D582D323031342D4E756C6Cs1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4E2D582D323031342D506F736974697665s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4E2D582D323031342D506F736974697665s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib727As1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib727As1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4F2D31393931s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4F2D31393931s1

4490 Q.A. Ngo, H. Zhang / J. Differential Equations 258 (2015) 4443—4490

[30] T. Ouyang, On the positive solutions of semilinear equations Au + Au —hu? = 0 on the compact manifolds, Trans.
Amer. Math. Soc. 331 (1992) 503-527.

[31] A. Rauzy, Courbures scalaires des variétés d’invariant conforme négatif, Trans. Amer. Math. Soc. 347 (1995)
4729-4745.

[32] M. Riahi, N. Gamara, Multiplicity results for the prescribed Webster scalar curvature on the three CR sphere under
flatness condition, Bull. Sci. Math. 136 (2012) 72-95.


http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4F2D31393932s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib4F2D31393932s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib7261s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib7261s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib7267s1
http://refhub.elsevier.com/S0022-0396(15)00059-5/bib7267s1

	Prescribing Webster scalar curvature on CR manifolds of negative conformal invariants
	1 Introduction
	2 Notations and necessary conditions
	2.1 A necessary condition for f
	2.2 A necessary condition for R

	3 The analysis of the energy functionals
	3.1 μk,q is achieved
	3.2 Asymptotic behavior of μk,q
	3.3 The study of λf,η,q
	3.4 μk,q>0 for some k
	3.5 The Palais-Smale condition

	4 Proof of Theorem 1.1(a)-(b)
	4.1 The existence of the ﬁrst solution
	4.2 The existence of the second solution

	5 Proof of Theorems 1.2, 1.3, and 1.1(c)
	5.1 Proof of Theorem 1.2
	5.2 Proof of Theorem 1.3
	5.3 Proof of Theorem 1.1(c)

	Acknowledgments
	Appendix A Construction of a function Φ satisfying (1.7) and (1.8)
	Appendix B Solvability of the equation -Δθu = f
	Appendix C The method of sub- and super-solutions on CR manifolds
	References


